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ABSTRACT

This Research Report is concerned with the numerical evaluation of the Naka-
mura algorithm (Nakamura, Kojima and Oohara 1984) for determing marginally
outer trapped surfaces and apparent horizons in (3+1) numerical relativity. The
algorithm is applied to three sets of time-symmetric initial data; a single shifted

Schwarzschild black hole and the case of two and three collinear Schwarzschild

black holes. Both initial data with and without inversion symmetry are used and
the results are compared to previous work which used different numerical methods.
In summary, the algorithm is well- suited to determining the position of smooth
marginally outer trapped surfaces; it has exponential convergence and is robust
and stable. Several modifications are introduced to improve the robustness and
convergence of the algorithm. It is not, however, well-suited to determining highly
distorted apparent horizons, determining apparent horizons to high accuracy or

accurately determing the closed trapped region.
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INTRODUCTION

With the advent of modern computing power, numerical relativity has become a
powerful technique for investigating realistic astrophysical problems which are not
amenable to analytic solution. This includes such problems as stellar collapse and
the dynamics of black hole systems. It is often important to determine when and
if a black hole forms in such numerical space-times. An event horizon is non-trivial
to determine as the entire future development of the space-time must be known. It
is possible, however, to determine the position of an apparent horizon on a given
hypersurface using only data defined on the hypersurface itself. The existence
of an apparent horizon implies that there is an event horizon surrounding it or
coinciding with it if the space-time obeys certain reasonable properties. Also, the '
area of the apparent horizon can, in some cases, be used to determine the limits

for energy extraction from black hole systems.

The position of the apparent horizon on an initial data surface is defined by the
trapped surface equation. This is a non-linear second order partial differential
equation which is difficult to solve numerically. Various numerical methods have
been proposed for solving this equation including a method by Nakamura, Kojima
and Oohara (1984), which can be used in the full (3+1) formulation of numerical

relativity.

This research report is concerned with the numerical evaluation of the Nakamura
algorithm and an vassesment of its usefulness in (3+1) numerical relativity. A
reliable method for determining apparent horizons in (3+1) numerical relativity
- has become increasingly important as initial data become available for black hole

systems with non-zero linear and angular momentum (York 1988]).

Apparent horizons are known for two time-symmetric Schwarzschild black holes

due to previous work by Cadez (1974) and Bishop (1982,1984) using other numer-
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ical methods. These results are re-derived using the Nakamura algorithm for the
purposes of comparison. The case of three collinear Schwarzschild black holes is

also considered.

As a result of these examples several improvements are made to the algorithm
which lead to improved stability and convergence. A review is given of the general

applicability of the algorithm and its relation to other numerical methods.

The research report is structured in the following manner.

In Chapter 1 a review is presented of the initial value formulation of general

relativity. This includes a dicussion of the constraint and evolution equations.

Chapter 2 discusses methods for determining initial data for black hole systems.

This follows the prescription of Kulkarni, Shepley and York (1983).

In Chapter 3 the global properties of apparent and event horizons are discussed and
a review is given of their importance in numerical relativity. The trapped surface
equation is derived and existing numerical methods for solving the equation are

discussed.

Cha.?ter 4 is concerned with the implementation and numerical evaluation of the
Nakamura algorithm. The algorithm is modified to improve the stability and con-
vergence. Apparent horizons are determined for two time-symmetric Schwarzschild
black holes described by both the Misner (1963) and Misner and Wheeler (1957)
initial data. The results for this system obtained by Bishop (1982) and Smarr
et al. (1976) are confirmed. In addition, apparent horizons are determined for
three collinear Schwarzschild black holes. In closing, the advantages and limita-
tions of the Nakamura algorithm are summarised and a comparison is made with

other numerical methods.



The following notational conventions are used:

General Latin indices are used for all tensor quantities to simplify the presentation
and to emphasise a global geometric approach to the initial value formulation.
An explicit (3+1) coordinate basis is introduced in deriving the trapped surface
equation in section 3.3 and the notation is adapted accordingly. Greek indices
with a range of 1 to 3 are thereafter used to denote space-like tensor quantities

while barred Greek indices are used to cover the index range 1 to 2.

A space-time metric g,, of signature (-,+,+,+) is used throughout. Tensor indices

enclosed in brackets are assumed to be symmetrized i.e. K(q5) = 7 (Kab + Kia)-



CHAPTER ONE
THE CAUCHY FORMULATION OF GENERAL RELATIVITY

Introduction

In this chapter a review is given of the Cauchy formulation of general relativity.
General references used are Smarr and York (1978), York (1978), Adler, Bazin
and Schiffer (1975) and Misner, Thorne and Wheeler (1973). A more rigorous

mathematical approach can be found in Hawking and Ellis (1973).

The importance of numerical relativity is discussed in section 1.1. In section 1.2
the constraint equations governing the choice of initial data are derived and in

section 1.3 a method is discussed for their solution. The choice of kinematics is

reviewed in section 1.4 and the evolution equations are derived in section 1.5.

1.1 The Importance of Numerical Relativity

The Cauchy problem in general relativity, as in other physical theories, involves
the choice of initial data which uniquely determine the future evolution of the
system under study. The problem can thus be formulated in terms of an initial
value problem and an evolution problem. In general relativity the initial value
problem concerns the choice of suitable initial data to describe the gravitational
field and its sources, while the evolution problem specifies how these data are to

be evolved in order to generate the full space-time geometry.

The first step in constructing initial data in general relativity involves choosing
a hypersurface slicing or foliation of space-time. The foliation is usually chosen

to be spacelike and this will be assumed in'the ensuing discussion. Initial data



for the gravitational field are specified on a slice £, and then evolved to the other
slices of the foliation to build up a description of the spacétime. The initial
data for the gravitational field on a slice, X, consists of the space-time metric
Nap, and its first derivative normal to the slice, which is equivalently described by
the extrinsic curvature of the slice, K,;,. First derivatives of the metric within
¥ can be determined from «,;, assuming that the metric functions are suitably
differentiable. The metric 4,, specifies the intrinsic geometry of ¥ while K,
describes how the time slice is imbedded in the surrounding space-time. This will

be discussed in more detail in section 1.2.

Arbitrary initial data (v.s,Ka.s) on a hypersurface L do not determine a unique
Cauchy evolution in terms of the Einstein field equations. This is a result of
the fundamental coordinate freedom in general relativity. Consequently the ini-
tial data must satisfy a set of constraint equations on the initial hypersurface.
These arise naturally from the Cauchy form of the Einstein field equations and

are discussed in section 1.2d.

The first part of the evolution problem involves choosing a congruence of observer
worldlines threading the foliation along which the initial data are to be evolved.
The éhoice of hypersurface slicing and the observer worldlines constitute the' kine-
matics of the formulation and can begfreely specified in general relativity. The '
kinematics are usually chosen to maximise the space- time region covered by the
evolution of the initial data, and to simplify the interpretation of the dynamics.
This Wﬂl be discussed further in section 1.4.. The full space-time geometry is thus
constructed as a time history of the spatial tensor fields (¥,s, Kas) wWhich are de-
termined on each slice ot; the foliation. The evolution equations can be derived

from the Einstein field equations in Cauchy form and are given in section 1.5.

Numérica.l relativity is the solution of the Cauchy problem in general relativity

by computational or numerical means. This involves the numerical determination



and evolution of initial data for a given space-time. Once the space-time has been
constructed numerically physical properties of interest can be extracted. These
may include global properties such as the position of apparent or event horizons

in the space-time.

Numerical relativity, although inferior to a knowledge of analytic solutions, can be
used to address many astrophysically interesting problems such as gravitational
radiation, cosmology and the N-body problem. It is non-trivial to find exact
solutions for these physically realistic systems, which are typically characterised
by strong gravitational fields, high speed internal motions and a lack of underlying
symmetry. Analytic and numerical approaches are, however, strongly mutually

supportive.

Exact solutions provide important test-bed calculations for numerical relativity

(Centrella et al. 1986) and in turn numerical results may suggest useful ana-
lytic approximations (Bishop 1988). In particular, computational algebraic results
sometimes suggest simpler analytic methods (MacCallum 1986). The Sensitivity
of the numerical solution to important physical parameters can be determined

empirically and often leads to enhanced physical intuition (Schutz 1986).

Complex numerical calculations are possible with modern computing power, which
has greatly expanded the scope of numerical relativity. Numerical solutions are
determined using the full non-linear Einstein field equations and are thus not
approximate in the weak-field sense. Numerical relativity can also be used to
investigate the global properties of the resulting spacetimes such as the position

of event horizons and the behaviour of singularities (Eardley 1978).

1.2 The Initial Value Equations

In this section the choice of space-time foliation is discussed and the equations
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which constrain the initial data are derived.

1.2a Space-time Foliation

Space-time will be modelled as a C* four-dimensional Riemannian manifold M
with metric g,;. The manifold is assumed to have connected Hausdorff topology

and a Lorentz metric.

A hypersurface in M is defined as the image of a three-dimensional manifold §
under an imbedding © : § — M and is denoted by ©(S) (Hawking and Ellis
(1973,p44)). The map © induces a vector mapping ©. : T, — Te(,) and a one-

form mapping ©* : T (p) — Ty, where T, is the tangent vector space and T} the
dual one-form space at a point p € S. The tangent spaces at the point O(p) € M

are similarly denoted by Te(,) and Tg The induced maps are discussed in more

e (p)”
detail by Hawking and Ellis (1973, p22). The imbedding may be defined in terms

of a one-form field ! where for any vector Xes
<f,0.X>=0 (1.1)

The one-form field {} thus defines a hypersurface slicing or foliation of space-time

M. In component form,
i =0,8

where & is a basis of forms on M. The dual set of basis vectors on M will be

denoted by &,.

The one-form field 1 is surface-forming and closed i.e. dfl = 0, and the hypersur-

faces can be represented as level surfaces of a scalar function 7 (York 1978),
N, =7, ‘ (1.2)

A hypersurface ©($) is space-like, null or time-like if g*°Q, (2, on ©(S) is less than

zero, zero or greater than zero respectively. In what follows the hypersurfaces in
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the foliation will be assumed to be space-like i.e g*°Q,0, < 0. Then Q! can be

normalised in the form & = w,€*, where,

we = afl,, g*Pwowy = —1

This implies that g*°Q.Q, = —a~?, where ¢ is a scalar field on M.

The unit vector normal on each slice ©(S) is denoted by,

o = n®e,
and is defined in terms of the condition,
<@Aa>=1
Therefore,
n® = —g*%w,

(1.3)

(1.4)

The vector field 1 is tangent to the Eulerian observers of the space-time foliation.

These observers are instanteously at rest in the hypersurfaces ©(S§) and have no

spatial rotation. '

If ©(S) is not null then ©, can be extended to a map 8. (with inverse 6*) of

tensors of arbitrary rank on § to ©($) (Hawking and Ellis 1973, p45) i.e.,

8. : T7[8] — TT[O($)]

where T" denotes a tensor space of type (z.s).

The map satisfies a more general form of (1.1). For any tensor B € T; [$], 01 has

zero contraction with 8, R € T7[©(S)] on any index, i.e.

(é* R)alaznaiuajblb,..bn Qa,- _— 0 ,and
8



(é*R)a‘“"'a" brbabi b8 e =0

This subset of tensors in T7[©(S)] will be denoted by H][O(S )]

Thus tensors in 77 on § can be identified with tensors in HI on ©(S) if they

correqund under the maps ©, and ©*. A full discussion can be found in Hawking

and Ellis (1973).

1.2b The Initial Data (v.5, K.n)

The the space-time metric g on M induces a metric ©*g on § via the mapping

0 : T3, — T;. This is defined by the condition (Hawking and Ellis (1973,p44)),
O*g(}z, S?) = g(@,}z, @,X_}), where X, Y € T,, peS
Now ©*g can be mapped to ©(S) by 6., yielding the three-metric on 6(S),

Yab = YGab + NaNyp (1.5)

This describes the intrinsic geometry of the hypersurface S. In mixed form Yab 1S

a projection operator {i.e. ¥*7°. = 7*.) and can be used to project any tensor

T € Tr[©(8)] into its tensor part T" lying in-H}[©(S)]. For any T,

1\C1C3..C5 — TR R3..G§ ci cg cs by by b
(T) ididgeds =T TpibaebaY TarY TazeY a7V Tdr Y dpeY Tda (1~6)

In what follows a hypersurface element of the foliation will be denoted by X. The
spatial metric ~y,; defines the intrinsic geometry of £. It is also neccessary, however,
. to specify t};e imbedding of the hypersurface in the enveloping four-geometry M.
This is defined by the extrinsic curvature of I, which is given by (York 1978),

Kab = —7ca7dbn(c;d) (1'7)
9



This can be expressed in terms of the 'kinema.tic decomposition of the covariant
derivative of the time-like vector field @ (Kramer et al. (1980, p77)).

1
Ka.b = —0Ogp — g%bo (1.8)

where 0,, is the shear tensor and 8 is the expansion as measured in the local rest

frame of the Eulerian observers.

K, can thus be equivalently interpreted as measuring the deformation of a surface
in ¥ when carried forward a unit interval of proper time normal to the hypersur-
face. The extrinsic curvature can also be viewed as determining the change in the
unit normal & on parallel transport with respect to the enveloping four-geometry

from point to point in £ (Misner, Thorne and Wheeler (1973, p511)).

It can easily be shown that,

1
Koo = —Eﬂaﬁab (1-9)

where Lz denotes the Lie derivative along the vector field n.

The gravitational field on an initial slice £ is thus described by the initial data
set (Yas, Kas). These are spatial tensor fields defined on ¥ and do not depend on
the evolution away from the slice. Both tensor fields are space-like i.e. Y,n® =

Kabn“ =0.

If K,, = O then the hypersurface T is time-symmetric (momentarily static). This
implies that there is an isometry that reverses the direction of the normal o on
¥ (Hawking 1972a). The initial data surface for a rotating system is thus time-

asymmetric.
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1.2¢ The Gauss-Codacci Equations

These equations provide a relation between the curvature tensors on M and ¥ and
the extrinsic curvature of X.. This allows a simpler formulation of the constraint

equations, which will be derived in the next section.

The induced metric v,, on & (1.5) defines a connection on ¥. Covariant differen-
tiation with respect to this connection in ¥ will be denoted by a vertical bar and

is defined by (Hawking and Ellis (1973,p46)),

en m

bn Ve
(1.10)

21Q2..G5 —mdidg..d; ay ag aj ey eq
T ]blbg..b,;lc - T 16182..65;""7 dl’y d;-"’ ]djly b;'Y bg "A/

where ; denotes covariant differentiation with respect to g, in M.

In what follows the Riemann tensor and Ricci tensor defined on M in terms of g,,

are denoted by R°,,, and R,, respectively. The covariant derivative with respect

to 4., defines a curvature tensor R'®;.q on ¥ in the usual way. For any vector
Ybex,
R'abchb = Yaldc - Ya[cd

On using.(l.,IO) this leads to Gauss’ equation,
R%pq = R;gkﬁaeﬁfb’Ygé’ka — K% Kpg + K% 4 Ky (1.11)
The Codacci equa.ﬁon can be derived from a similar use of (1.10),
(Kab)lc = (nd;e’de’Yeg);h"faf’ng’th

and is given by,

K®%ja — K%app = Regn! % (1.12)
A full derivation of the Gauss-Codacci relations can be found in Hawking and Ellis
(1973,p47) and Wald (1984,p258).
11



1.2d The Constraint Equations

As discussed in section 1.1, the initial data (7,5, K,s) cannot be freely specified on
¥ but must satisfy constraint equations. These can be derived from the Einstein
field equations on ¥ which do not contain terms describing the second derivative
of the metric normal to & (Adler, Bazin and Schiffer (1975, p280); Smarr and York
(1978)). This yields four relations on X:

n°y* Gy = n°y*° T, (1.13)

n°nG.q = n°niT.y (1.14)

where G,, is the Einstein tensor and T,; is the energy-momentum tensor.

The Eulerian observers measure a momentum density j* and an energy density p

in their local rest space, which are defined in the usual way,
7* = n°*" T | (1.15)

p=nnT,, (1.16)

Equations (1.13) and (1.14) can be simplified using the Gauss-Codacci relations
(Wald (1984,p258)). Using (1.12) and (1.15), equation (1.13) becomes,

Kabla. - Kaa[b = jb (1517)
Equation (1.11) can be contracted to yield:
R =R, ¥ " — (K%.)? + K,y K*® (1.18)

where R’ is the scalar curvature on T with respect to v,5. Using (1.5) R°;gxv?.7'*

can be expanded as:
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R e e = R4 2Ry’
= 2G,n°n’ (1.19)

where R is the scalar curvature on M with respect to g,;.

Using (1.16),(1.18) and (1.19), equation (1.14) can be written in the form (Wald
(1984,p258)):

R — K, K*® +(K*,)* =2p - (1.20)

Equations (1.17) and (1.20) constitute the initial value equations on ¥ which must
be satisfied by (Yas, Kap; 0y Ja)- These equations are referred to as the momentum
and Ha.iniltonian constraints respectively. If the constraint equations hold on an
initial slice  then they will always be satisfied in the future Cauchy development
of ©. This result follows from the Bianchi identity (York and Piran 1982, and
Adler, Bazin and Schiffer 1975). Methods of solving the constraint equations will

be discussed further in the next section.

1.3 The Solution of the Constraint Equations

The constraint equations (1.17) and (1.20) can be written in the form (Bowen and

York 1980):
(K —y*"trK);, = 5° o (121)

R — K,,K* + (trK)* = 2p (1.22)

These equations are most easily solved by introducing a cpnforma.l transformation
* of the initial data (v.s,Kas;p,J%). The conformal transformation of the three-
metric is giw;en by,
Yab = P as (1=23)
13



where 1 is the conformal factor (¢ > 0) and 4,, is the metric of the background
space. The initial value problem can be considerably simplified by this technique,

particularly if a flat background space is used.

The extrinsic curvature K°® is symmetric and can be split up into trace and trace-

free parts,

K® = E*® + %'7“btrK (1.24)

The trace-free part E*® will be subjected to a conformal transformation while
trK will be treated as a given scalar function (York 1978). If E*® is conformally

transformed as,

E® = ym Eab (1.25)
where Eeb is given, then
B, =¢™ E‘;bllb + (m + 10)9™ " ohp Eob (1.26)

where double vertical bars denote covariant differentiation with respect to the
background metric 4,, and a comma denotes partial differentiation. Indices on
tensors in the background space are raised and lowered with 4,;. The tranforma-

tion (1.25) can thus be equivalently expressed as,
Eop = 4™ +* By | (1.27)
Equation (1.26) suggests that m = —10 is a simplifying choice in (1.25). Then,
E® ), = ¢ 0B,

This term occurs in the momentum comstraint equation (1.21) and motivates a

conformal transformation for j¢ as,

ja. — ¢—- 103‘4
14



where 5% is given.

The momentum constraint (1.21) then becomes,

T A 2

Eeby, = 3% + §¢6 (trK)le (1.28)
The dominant energy condition p? —7,,7°7° > 0 (Hawking and Ellis (1973), p91) is
satisfied for all ¢ > 0 if the energy density is conformally transformed as p = ¥~ 23,
where j is assumed to be given. Then (York 1978),

P — Vasi®5® = 07 (® = 4ap3° %)

From (1.23) the transformation of the scalar curvature R’ on ¥ can be obtained

as (York and Piran 1982),
R = R,¢—4 _8,¢-5$2¢

where V24 = (3/2),, The conformal form of the Hamiltonian constraint (1.22) is

therefore given by,
—8V2 =295 — By + ¢~ B, B - zzps (trK)? (1.29)

If maximal slicing (trK=0) is chosen then thev conformally transformed constraint
equations (1.28) and (1.29) are uncoupled. These equations need to be supple-
mented by boundary conditions at spatial infinity or on any inner boundaries
which may exist in the physical system under study. This will be shown more

clearly in deriving initial data for black hole systems in chapter 2.

1.4 The Choice of Kinematics

This section discusses the choice of observer worldlines along which the initial data

are to be evolved.
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1.4a The Time Congruence

The hypersurface slicing or foliation of space-time M is defined by the one-form
field & (1.3). To complete the description of the kinematics it is also neccessary
to specify a Atime congruence threading the slices along which the initial data are
to be integrated. This time congruence defines the coordinate observers, whose
worldines are permanently labelled by the spatial coordinates they acquire in the
initial slice. The four-velocity vector field tangent to the coordinate observers will
be denoted by t = °&,. This can be defined in terms of the Eulerian congruence

A as (Smarr and York 1978),
t* = an® + p°%, B°n, =0 (1.30)

where a is the lapse function (defined in (1.3)) and 3° is the spatial shift vector.

Note that € also satisfies (1.4) as does @ i.e. < &% >= 1. The vector field tis

restricted to be nowhere tangent to the slices .

The relation between t and & on two neighbouring slices X(r) and Z(r + A7),
where the slices have been parametrized by the scalar function 7, is shown in
Fig. 1.1. The lapse function « is the orthogonal proper time interval between the
slices. Thus Z(r + A7) can be defined as the set of points reached from X(r) on

advancing an interval of proper time a(A7) along Ii. Advancing a distance A7

along the coordinate congruence t defines the point in X(r 4+ Ar) which has the

same coordinates as the base point of & in £. This involves a spatial translation

(A7B*) which is defined by the shift vector as each point.

The kinematics of the formulation (e, 3%), which can be freely specified, are usu-
ally chosen to maximise the region of the Cauchy development covered by the
evolution of the initial data. It is also neccessary to reduce coordinate effects in

the evolution to simplify the interpretation of the dynamics. This includes the
16
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. —— E()

érpe

Fig. 1.1 Schematic representation of the lapse function a and shift vector B¢. The

unit normal to I(r) is &, while t is tangent to the coordinate observers.
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avoidance of coordinate singularities (Smarr and York 1978). Various approaches

to this problem are briefly discussed in the next two sections.

1.4b The Choice of Time Slices

Minkowski space-time admits an everywhere time-like Killing vector field which
suggests a natural time slicing or foliation. In general dynamical space- times

there is no such prescription.

One simple approach is to choose an initial time slice and set the lapse function
a = 1 everywhere. This is known as geodesic slicing and has several disadvantages.
In the future evolution of the da.ta.} the Eulerian observers are focused by attractive
gravitational forces, severely resticting the region of the Cauchy development cov-

“ered by the slicing. From (1.8) it can be seen that the expansion 8 of the Eulerian
observers is given by,

§=-K*, =—trK

To avoid the disadvantages of geodesic slicing set,
trK = L;4rK =0 (1.31)

This ensures that the Eulerian observers do not converge, and defines the choice
of slicing known as maximal slicing. This usually covers a larger region of the
Cauchy development. Proving the existence of maximal spacelike slices is non-
trivial, but they are known to exist for Minkowski, Schwarzschild and Kerr space-

times, amongst others. Further details can be found in Smarr and York (1978).

1.4c The Choice of Shift Vector 3¢

The shift vector 8 completes the specification of the coordinate observers once a
time-slicing has been defined. The shift vector is equivalent to a three-dimensional
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coordinate transform on each point in the slice ¥ and can be used to reduce

spurious coordinate effects in the evolution of the initial data.

The Eulerian observers i1 have an associated strain tensor 6,,, defined by equations

(1.7) and (1.8),
1
oab = —Kab = 0Ogb + §’7ab0 (1.32)

Thus in a maximal slicing of space-time (trK = —8 = 0) with zero shift vector
B, the coordinate observers may have non-zero shear (0,, 7# 0). This coordinate

shear may mask the underlying dynamics in the evolution. This effect, however,

can be reduced by a suitable choice of 5*.

It is first neccessary to introduce a strain related tensor ®,, associated with the
time-congruence. This can be defined analogously to (1.9) as (Smarr and York
1978),

D, =L E;’Yab

where 1 denotes projection into ¥ as in (1.6). This is not a true strain tensor

for the time-congruence as the projection in not orthogonal to t. A tensor ¥,,
representing the shear of the coordinate observers, can be similarly introduced as

in (1.8),
1
‘I’ab = @ab - §7abtr@

A shift vector 8% chosen to minimise ¥,, is known as a minimal distortion shift

vector and satisfies the condition,
APW,pp. =0 (1.33)

A more complete discussion can be found in Smarr and York (1978).

»

The instantaneous kinematics (¢, 3%) are thus defined by a set of coordinate con-

ditions on each slice of the foliation. In the case of maximal slicing and a minimal
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distortion shift vector the kinematic conditions are given by (1.31) and (1.33). In
general the kinematic conditions define a coupled system of equations for (o, 8%).
Boundary conditions may be imposed at spatial infinity and on any inner bound-

aries such as matter surfaces or event horizons. Further details can be found in
York (1978) and O’Murchadha and York (1974).

1.5 The Evolution Equations

These give the evolution of (Vas,Kas) along the time-congruence t. In first order

form they are given by {Smarr and York 1978),

ﬁE’Yab = _zaKab + ﬂg”fab (1-34)

1 1
£gKab = T Qap +a[R;b + (trK)Kab —2K,. K% — (Sab - §’Yabt7'3) - Ep’Yab] + £5Kab
(1.35)
where R!, is the Ricci tensor on ¥ with respect to ¥qp and S,, is the stress density

measured by the Eulerian observers i.e. Szo = 7°a7%3Tca- Equation (1.34) can be

derived from the kinematic relation L; = L, + L; while (1.35) is a projection of

the Einstein field equations into ¥ (York 1978),

Wca’dech = "7ca’7decd

Evolution equations for the matter variables L;p and Bgf can be derived from

projections of the energy momentum conservation equations 7*°;, = 0 (York 1978).
The evolution equations for the stress density L£;S,», however, depend on the

equation of state and dynamics of the matter sources (York 1978).
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CHAPTER TWO

INITIAL DATA FOR BLACK HOLE SYSTEMS

Introduction

This chapter discusses methods for constructing initial data for black hole systems.
Comprehensive reviews of this problem for black hole systems can be found in
Bowen and York (1980), York (1984) and Rauber (1986). Only the relevant results

will be summarised here.

Section 2.1 provides a summary of initial data for single black holes and introduces
the concept of inversion-symmetric initial data on an Einstein- Rosen manifold. In
section 2.2 this is extended to the case of multiple black holes. Both momentarily

static and dynamic black holes are considered.

2.1 Single Black Holes

2.1a Single Schwarzschild Black Hole

The Schwarzschild space-time representing a single, uncharged, non-rotating black

hole is a useful starting point in discussing initial data for black hole systems. The

line element in Schwarzschild coordinates (¢,7,8,9) is given by,

ds® = — (1 - g’?’) dt* + 7 U + P AP +sin?0d4%) (21)

The space-time can be analytically extended by transforming to isotropic coordi-
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nates (t,7,4,9),
M |
t=t, r=1"(1+§)2, 0=90, ¢=9¢ (2.2)
The line element (2.1) then becomes (Misner, Thorne and Wheeler (1973,p840)),

2 1_% ’ 2 M\* 2 2 [ 102 s 2 2
ds® = — T dt® + 1+§}— (dP® + 7 (d6® + sin®0d4?))

27

The three-metric v,; of a space-like hypersurface X(t) is given by,
M 4
dsi = (1 + 5) (dr? + r*(d6? + sin6”dg?)) (2.3)

where, for convenience, the notation r is used in place of 7. The hypersurface is
conformally flat and time-symmetric (K, = 0). The géometric structure of the
hypersurface can be more clearly understood by considering an embedding of X(t)
in flat Euclidean three-space (Misner, Thorne and Wheeler (1973, p615)), which

is shown in Fig. 2.1. The geometry consists of two asymptotically flat regions

joined smoothly through a throat (or bridge) at r = .. The upper and lower
sheets correspond respectively to the coordinate regions r — co and r — 0 of the
analytically extended manifold. The hypersurface is singula.rity and matter free

and will be referred to as a Schwarzschild bridge.

The three-metric 4., is isometric under the mapping J : E® — {0} — E°* — {0}

defined in spherical polar coordinates as,
a2
r'=J(r)=—;, ¢=J0)=0, ¢ =J)=¢ (2.4)

where E® is Euclidean three-space and a = %—

. In Cartesian coordinates, each

point z is mapped to z’' = J(z) given by,

= (5)2 z (2.5)



Fig. 2.1 The hypersurface (t=constant) for a single Schwarzschild black hole em-
bedded in Euclidean three-space. The orthogonal axes are denoted by {u,v,w)

(taken from Misner (1963)).
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where r = |z|. The isometry condition can be expressed as,
Yab (Z) = Yarsr (2') - (2.6)

The mapping (2.4) is an inversion map through the throat r = % of points z on
the upper sheet to points J(z) on the lower sheet. The surface r = - is invariant

under the mapping (2.4), and thus by Lemma 1 of Gibbons (1972) is an extremal
surface. In the case of a Schwarzschild black hole, direct calculation shows that

the surface is minimal.

The isometry condition can be extended by requiring physical equivalence between
all geometric data on the upper and lower sheets. This symmetry condition is

expressed as (Kulkarni, Shepley and York 1983),-
(data at z) = +J* (data at J(z)) (2.7)

where J* is the pull-back map. This was first suggested by Einstein and Rosen
(1935) and an initial hypersurface with this structure is referred to as an Einstein-
Rosen bridge. Only data on one sheet need to be evolved due to the symmetry

condition (2.7).

A detailed discussion of the differential structure and topology of a hypersurface
with Einstein-Rosen structure can be found in Misner (1963) and Kulkarni, She-
pley and York (1983). A brief outline, however, will be given here. The upper
and lower sheets of the manifold can be regarded as point sets in a Euclidean
three-space with a sphere of radius a removed. The ﬁpper and lower sheets, Y and

Z respectively, are defined as,
Y=Z={peE®:|p|>a}
The boundary of the sphere is represented by the point set B,

B={pe E®:|p|=a}
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The coordinate map covering the manifold will be denoted by £. The range of

€:(YUBUZ) — E® will be described in terms of the sets,
X={zcE®:|z|>a}, S={z€E®:|z|=0qa}, I=JX]
where J is defined in (2.5). The map & then takes the form (Kulkarni 1984),

¢(p) =(p*,p*,p°) € (XUS) ifpe(YUB) 2:8)
2.8
J(p*,p%,p%) el ifpeZ

Initial data thus need to be specified on the set (X U S U I). The geometric struc-
ture of the Einstein-Rosen hypersurface L(t) provides important supplementary
boundary conditions which can be used when solving the initial value problem.
The constraint equations (1.28) and (1.29) on a conformally flat, time-symmetric,

vacuum initial hypersurface such as X(¢) reduce to,
Vi =0 (2.9)

For a conformally flat metric the isometry condition (2.6) implies,
a !
¥(2) = Zo() (2.10)
Differentiating (2.10) and evaluating at r = ' = a, yields (Bowen and York 1980),

B 1
5o (@) + 5-%(a) =0 (2.11)

An additional boundary condition results from the fact that X(t) is a.symptotic'a.lly
flat, _
Yp—lasr—o0, %>0 (2.12)

The known initial data on X(t) given by the metric (2.3) satisfy equation (2.9)

and are consistent with the boundary conditions (2.11) and (2.12). This suggests
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that initial data for more complicated black hole systems can be constructed via
a similar route i.e. as conformally flat initial data on an Einstein-Rosen manifold
with inversion symmetry. This will be shown more clearly in the sections that

follow.

2.1b The Shifted Schwarzschild Black Hole

The three-metric of a spacelike hypersurface (t=constant) for a shifted Schwarz-
schild black hole in isotropic coordinates is given by Nakamura, Kojima and

Oohara (1984) as,

4

ds* = (L+ 7) (dr* +7°(d6° +sin®0dg")) (2.13)

For a black hole located at (r = d,8 = &, ¢ = ) the term R takes the form,

i
2

R =[r* + d&® — 2rd(sinfsin acos (¢ — B) + cos b cos a)] (2.14)

Equations (2.13) and (2.14) can be derived from a simple coordinate shift of the
three-metric (2.3).

2.1c Bowén—York Black Holes

Bowen and York (1980) have constructed initial data for a single, unchai'ged black
hole with non-zero linear or angular momentum using the approach discussed in
section 2.1a. The initial hypersurface £5_y on which the data are specified, is
taken to be a conformally flat, maximal hypersurface with Einstein-Rosen dif-
ferential structure and topology. As the black hole is dynamic the hypersurface
is time-asymmetric (K,s # 0). Using the notation of section 1.3 the constraint

equations (1.28) and (1.29) take the reduced form, .

A

E®5,=0 ' (2.15)
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A 1 A A :
Vi = -y T E B, ,  (2.16)

The symmetric tensor E*® is transverse and traceless and can thus be expressed

in longitudinal form (York 1973),
Bt = (Lw)*®®
1701l irailb 2 oY1

=Wwrie +Wa” - gﬂa Wcuc
where n°® is the Minkowski three-metric and We is a three- vector potential.
The momentum constraint (2.15) then becomes,

VEW® + l(W” M =0

3 1o -

This equation has been solved by Bowen (1979) using the ad hoc decomposition
We = Ve — Lgle, The following solutions are given by Bowen (1979) and Bowen
and York (1980),

" 3
E* =2—r;[Panb + Pyng — (Mas — Nam) Pon.]

(2.17)
3a% .
+ 'é';;’[Panb -+ ana -+ (nab - 5nanb)P nc]
7 3 a,..c d,. ¢
E,, = ;3—(6,,,,4.] NNy + €pa S NN, ) (2.18)

where P° and J° are constant vectors which represent respectively the linear
momentum and angular momentum of the black hole, as measured by observers
at infinity. The three-dimensional permutation tensor is denoted by €,4., n* is the
unit normal of a sphere r=constant in flat space and a is the radius of inversion
-as defined in (2.5).
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The trace-free extrinsic curvature E*® (defined in (1.24)) is required to satisfy the
Einstein-Rosen symmetry (2.7) on the initial hypersurface X5_y. This can be
formulated as,

E%® = iEa,b‘ (xl)
using the notation in (2.6). Consequently the conformally transformed extrinsic

curvature E,, = ¢~2 2 (1.27) must satisfy (Bowen and York 1980),

Bu(a) = £(3) Buw () (2.19)

The solutions (2.17) and (2.18) have this inversion symmetry and are thus suitable
solutions of the momentum constraint equations on the Einstein-Rosen hypersur-

fa.ce EB —-Y .

The Hamiltonian constraint equation on I _y is given by (2.16),
&2 1 78 fab '
Vi = ——§¢ E, E*, r>a (2.20)

The solution interior to r = a is known from the inversion symmetry. The solution
of (2.20) can be posed as a boundary value problem using (2.11) and (2.12). This
has been solved numerically by Bowen (1984).

The surface r = a is by construction an extremal surface, as discussed in section
2.1a. In the case of a Bowen-York black hole the surface is minimal. The inversion
radius a,(a > 0) is freely specifiable and acts as a scale parameter in the initial
data (York and Piran 1982). The initial data for a single Schwarzschild black hole
suggests that 2a may be a good estimate of the rest mass for a moving Bowen-York
black hole. This is confirmed in a detailed analysis by Bowen and York (1980).
The total energy of the solution can only be determined once the Hamiltonian
constraint has been solved. The momenta J* and P¢, hdwever, can be specified
as part of the initial data (Bowen and York 1980).
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2.2 Time symmetric Initial Data for N Schwarzschild Black Holes

2.2a The Misner and Wheeler Solution

The case of N momentarily static Schwarzschild black holes is a useful starting
point in constructing initial data for multiple black hole systems. The initial
hypersurface Ly, is time symmetric (K,;, = 0) and will be assumed to be confor-
ma.lly flat. Each black hole has a rest mass m, and is located at the point ¢, in
E® (a = 1..N). The Euclidean separation of the point z from the a-th black hole
will be denoted as r, = |z — ¢,|- The separation of z from the origin is denoted

by r as before. The constraint equations on Ty, reduce to Laplace form (2.9),
Vi =0 (2.21)
where the conformal factor ¢ satisfies the boundary condition (2.12),
p—1, r—oo, ¥>0 (2.22)

Before solving (2.21) it is neccessary to define a differential and topological struc-
ture for the hypersurface Ly,. A simple approach is to concatenate the upper
sheets of N Schwarzschild bridges (Fig. 2.1) while allowing the lower sheets to
remain distinct. This is shown in Fig. 2.2. No inversion symmetry is enforced

between the upper and lower sheets. The hypersurface then has the topology of
E® —{c,} and a solution to (2.21) is,

.
b,

»(z) _1+;;;  (2.23)

where b, is a constant. This solution was found by Misner and Wheeler (1957).

At each point ¢, the geometry is that of the extended Schwarzschild metric in

isotropic coordinates (as shown in Fig. 1.1) and the hypersurface consists of (N+1)
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Fig. 2.2 The structure of the hypersurface Y x, in the Misner and Wheeler solution
for N time-symmetric Schwarzschild black holes (taken from Lindquist (1963)).

o)
AN

Fig. 2.3 The structure of the hypersurface Ly, in the Misner solution for N time-
symmetric Schwarzschild black holes (taken from Lindquist (1963)).
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asymptotically flat sheets (Brill and Lindquist 1963). Each sheet has an associated
mass energy defined in the asymptotic region (Misner, Thorne a;nd Wheeler (1973,
p452)). The upper, or (N+1)-th, sheet can be intérpreted as the space in which
the particles interact. The total mass energy, M,,., in this sheet can be derived

from (2.23) as,

N
Mot =2 Z ba
a=1

This implies b, = %*. The mass energy M, defined in the asymptotic region of

the a-th lower sheet is given by Brill and Lindquist (1963) as,

Ma=ma+zw

(+3
"
atp 2P

where r,, is the Euclidean separation of the a-th and S-th black holes r,p =

|ca — cs|. The difference M;p, = Mo — Zi;l M, , represents the interaction

-mass energy of the system and is discussed in more detail by Gibbons (1972).

The (N+1) sheets are joined smoothly through extremal surfaces located in each
Schwarzschild throat. These are deformed from spherical symmetry due to the
interaction between the black holes (Brill and Lindquist 1963). Other extremal
surfaces may enclose two or more black holes in the upper sheet if they are suffi-

ciently close. This will be discussed fully in chapter 3.

2.2b The Misner Solution

This solution was derived by Misner (1963) using an initial hypersurface with full
Einstein-Rosen symmetry. The hypersurface consists of two asymptotically flat

sheets connected through N Einstein-Rosen bridges and is shown in Fig 2.3.

The differential structure and topology of the hypersurface is a generalisation of
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that of a single Einstein-Rosen bridge discussed in section 2.1a. The upper and

lower sheets of the manifold can be regarded as point sets in E® with N spheres
of radius a, centered at ¢, removed. The upper and lower sheets, denoted by Y

and Z respectively, are defined as (Kulkarni, Shepley and York 1983),
Y=Z={pcE®:|p—c.|>0a., a=1.N}
Each sphere will be represented as the point set B,, ,
B,={pcE:|p—¢,|=a,, a=1.N}, B=U,\,B,

The inversion map through the a-th Einstein-Rosen bridge can be generalised from
(2.5) to,

Ay (2

=T ()= (22) (z—co) +ar  TEE® —{ca} (2.24)

ra
The manifold is covered by N coordinate maps %, associated with each throat.
Each map 9, can be defined in terms its range sets in E°. These are,
X={zecE:|z—c,|>a.,a=1.N}
S, ={z€E®:|z—co| = Gu,x=1.N}

I, = J,[X]
The map ¥, is then defined as (Kulkarni 1984),

Yo (p) =(p*,p?,0°) € (XU S,) ifpe(YUB,)
(2.25)
J.(p*, 0%, p°)el. ifpeZ

The Einstein-Rosen symmetry condition which provides physical equivalence be-

tween geometric data on the upper and lower sheets, is similarly generalised as,

(data at z € X) = +£J (data atJ, (z)) (2.26)
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where J? is the pull-back map (Kulkarni 1984). An Einstein-Rosen manifold with

the above differential structure will be denoted by My .

Thus initial data consistent with the constraint equations need to be specified on
the set X' = UY_,(X U S, U I,). As can be seen from (2.25), each point p € Z
on the lower sheet is covered by several coordinate maps. The symmetry condition

(2.26) ensures that these overlapping maps to X' are consistent.

A solution of the Hamiltonian constraint (2.21) consistent with the symmetry con-
dition (2.26) was found by Misner (1963). The Einstein-Rosen symmetry condition
applied to the three-metric ~,, requires that the conformal factor satisfies (2.10)

i.e.

¥(z) = (:—"M(Ja z), z€X (2.27)

[+4

These can be written as J, [¢](z) = ¢(z) where the action of J, on % is given by,

T[$)(z) = (32)9(Ja z) (2.28)

Ta

The boundary condition (2.22) ensures that the hypersurface is asymptotically
flat; ¥ — 1, asr — oco. By inversion in the a — th sphere ¢ must therefore

contain a term,

Qq
T =2

By inversion in the 8-th sphere there must also be an image term Js J, [1] interior
to B,. This process continues indefinitely and leads to a series solution for 3 given
by (Misner 1963),

Y= S[1] (2.29)

where S = 1+ E' J: Ji; ..J;, . The summation extends over all indices (1x = 1..N )
subject to the condition ;. # i;. All terms of finite length (n > 1) are included

in the summation.
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It is easily shown (Misner 1963) that (2.29) satisfies the inversion symmetry (2.26)

between the upper and lower sheets through each and every throat, i.e.
Ju[S]=5

using the notation of (2.27) and (2.28). In addition, the series (2.29) is positive,
analytic and converges to a solution of the Hamiltonian constraint (2.21) in the
region X C X’ (Misner 1963). The Einstein-Rosen symmetry ensures that there

is a matched solution on the lower sheet.

2.2¢ Time-Symmetric Initial Data for N Reissner-Nordstrom Black Holes

Initial da.fa. for N Reissner-Nordstrom black holes on a surface of time- symmetry
have been obtained Brill and Lindquist (1963) and Lindquist (1963), by similar
methods to those used in the previous section. The addition of electric charge
increases the available energy buf does not qualitatively alter the nature of the

solutions unless the Reissner-Nordstrom black holes become extreme (¢ > m)

(Gibbons 1972).

2.2d Initial Data for N Dynamic Black Holes

Initial data for N black holes with linear or angular momentum are an important

starting point in determining astrophysically realistic numerical space-times.

These data are constructed using the same strategy discussed in the preceding sec-
tions. The initial hypersurface is taken to be a conformally flat maximal Einstein-
Rosen manifold My with the differential and topological structure defined in sec-
tion 2.2 (Fig 2.3). The hypersurface is, however, time- asymmetric (K,, # 0) and
the constraint equations take the form (2.15) and (216)
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The inversion symmetry of E,, (2.19) can be generalised to My as (York 1984),

where @, is regarded as an operator. It can be shown that as E,, is trace-

free, symmetric and has zero divergence (2.15) then so are terms of the form

[Qa, Qa, - Qa, Elar (York 1984; Kulkarni 1984).

Now define the inversion operator Q analogously to S in (2.29) as,

Q=1+ Qua,Qu,Qa,

The summation Z' exténds over all indices (o = 1,,N) and includes all terms

of finite length (n > 1) subject to the condition o1 # oy (Kulkarni 1984). Thus
if £, is a solution of the momentum constraint then so is E,, = [QE.,. In

addition if ¢ satisfies (2.27) then E,, will satisfy the Einstein-Rosen symmetry
condition (2.26) (Kulkarni 1984). The Bowen-York solution for a single black hole

given by (2.17) or (2.18) can be used for E,.

The Hamiltonian constraint has the same form as in (2.20) and is supplemented by
the boundary condition (2.12). The boundary condition (2.11) takes the general
form on My given by (Kulkarni, Shepley and York 1983),

o -1
or + 2a,

G lra=aq

P(ae) =0

o

The initial value problem for N time-asymmetric black holes is not yet completely
solved (York 1988). Full reviews of current work can be found in Kulkarni, Shepley
and York (1983), Kulkarni (1984), Bowen, Rauber and York (1984) and Bowen
(1985).
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CHAPTER THREE
APPARENT HORIZONS IN NUMERICAL RELATIVITY

Introduction

In this chapter the pro’blein of determining apparent horizons in numerical relativ-
ity is addressed. In section 3.1 apparent and event horizons are defined and their
global properties discussed. The importance of apparent horizons in numerical
relativity is considered in section 3.2. The trapped surface equation which is used
to determine apparent horizons is derived in section 3.3 and a review of existing
numerical methods used to solve this equation is given in section 3.4. Section 3.5
includes a description of the algorithm of Nakamura, Kojima and Oohara (1984)

which will be evaluated more fully in chapter 4.

3.1 Global properties of Apparent Horizons and Event Horizons

A rigorous treatment of the global properties of apparent horizons and event hori-
zons can be found in Hawking and Ellis (1973) and Hawking (1972b). Other
useful references are Wald (1984) and Demianski (1985). The important results

from these references are briefly summarised in this section.

Black holes may be intuitively understood as regions of space-time where the grav-
itational field is so strong that infalling matter or radiation, once having entered
the region, can never escape. Such a region may form, for example, after the

gravitational collapse of a massive body.

A more precise formulation of this concept requires that the underlying space- time

manifold satisfies certain reasonable properties. In particular the manifold must be
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time-orientable. This implies that it is possible to designate non-spacelike vectors
as either future- or past-directed continuously at each point of the manifold, and
allows a description of the causal structure of the spa.ce-tiine. The causal past of
a point p € M, denoted as J~ (p), is defined as the set of all events that causally
precede p. An event g is said to causally precede the event p if there is at least
one smooth future-directed non-spacelike curve that extends from ¢ to p (Hawking
and Ellis 1973, p183). Thus if future null infinity is denoted by I+, then J~ (I'*)
defines the region in M from which particles or radiation can escape to infinity in

the future direction.

In addition the space-time must be strongly future asymptotically predictable from
a partial Cauchy surface X(r) in M, where a partial Cauchy surface is defined as a
space-like hypersurface which is not intersected more than once by any non-space-
like curve (Hawking and Ellis 1973, p204). Future asymptotic predictability is
essentially equivalent to the assumption that there are no naked singularities to
the future of £(r). A naked singularity is visible from I* and violates Penrose’s
cosmic censor conjecture. A formal definition of future asymptotic predictability

can be found in Hawking (1972b).

The black hole region in a future asymptotically predictable space M can then
be defined as B = [M — J~(I*)] i.e. it is a region from which matter or ra-
diation cannot escape to I* (Wald 1984, p300). The boundary of B is de-
noted by 88 = J~(I*) and is known as the event horizon. A black hole on

a partial Cauchy surface I(r) is defined as a connected component of the set

B(r) =[E(r) = J~ (I7)].

The event horizon is a null surface generated by null geodesics which have no future
-endpoints and non-positive convergence. A black hole can thus never disappear or

bifurcate. In addition the black hole area theorem of Hawking (1972b) shows that
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the area of the boundary of a black hole must increase with time. This theorem
holds in a regular predictable space M developing from a pa,rtia.l Cauchy surface
Z(r) where all null vectors k° satisfy the energy condition R,,k*k® > 0. Regular
asymptotic predictability is a stronger form of future asymptotic predictability
and is discussed in detail by Hawking and Ellis (1973). Thus if two black holes
By (r,) and B,(r;) on a surface £(r;) merge to form a single black hole B;(r;) on

the surface L(r;) then:
Area(Bs) > area(B,) + area(B;) (3.1)

Although the event horizon has several useful properties, it is not always convenient
to determine in practice. The position of the event horizon on a surface L(r) can
only be determined if the entire future development of the surface is known. It is
possible, however, to determine an apparent horizon in X(7) which depends only
on the initial data on the surface. This can be defined in terms of the theory of

outer trapped surfaces.

Trapped surfaces are closely associated with gravitational collapse and the forma-
tion of space-time singularities. A closed trapped surface is defined as a compact

spacelike two-surface without boundary where the ingoing and outgoing orthog-

onal null geodesics are converging (i.e. § < 0) (Hawking and Ellis 1973, p262).
An outer trapped surface is similarly defined except that only the outgoing null
geodesics are required to be converging. If certain other conditions hold, the
existence of a closed trapped surface implies that there is a singularity in the
space-time. In addition, any outer or closed trapped surface 7(r) on a partial

Cauchy surface £(7) in a regular predictable space must lie within the black hole

region (i.e. F(r) C B(r)).

I

Now, the set of points in £(r) through which there lies an outer trapped surface

defines the trapped region in X(r) (Hawking and Ellis 1973, p320). The outer
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boundary of each individual connected component of the trapped region is known
as a marginally outer trapped surface, as it is a two-surface Where the outgoing
orthogonal null geodesics have zero convergence (Proposition 9.2.9; Hawking and
Ellis 1973,p321). These surfaces are topologically S?. The apparent horizon is
defined as the union of the outer boundaries of the connected components of the
trapped region. From the previous discussion of closed trapped surfaces it is known
that each component of the apparent horizon must lie within or coincide with a
component of the true event horizon. The converse of this statement, however, is

not neccessarily true.

Apparent horizons in stationary space-times have properties of particular relevance
to this fesea.rch. A black hole is said to be stationary if there is a Killing vector
in the asymptotic region enclosing the black hole which is time-like at future and -
past null infinity (Demianski 1985, p182). Stationary black hole space-times are of
interest as it is believed that most physically realistic black hole configurations will
asymptotically approach a stai;ionary state. The Killing vector symmetry implies
that the area of a space-like cross-section of the null geodesic generators of the
event horizon is independant of time. This result can be used to show that the
shear and expansion of the null geodesics in the horizon must be zero. Thus the
stationarity only holds if no matter or gravitational radiation crosses the horizon
of the black hole. The fact that the null geodesics have zero expansion implies

that the apparent and event horizons coincide for stationary black holes.

If an apparent horizon is located on a surface of time symmetry then it will be
an extremal two-surface i.e. the first variation of its area is zero (Gibbons 1972).

This will be discussed further in section 3.3.

3.2 The Importance of Apparent Horizons in Numerical Relativity

In problems typically treated in numerical relativity, such as gravitational collapse
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and the merging of black hole systems, it is important to determine when and

if the future numerical evolution of the initial data contains é. black hole. The

determination of an event horizon, however, requires that the future asymptotic
dei'elopment of the numerical space-time be known arbitrarily close to future null
infinity. In practice it is not possible to evolve numerical initial data infinitely far
into the future. Once singularities and event horizons have formed in the space-
time, the coordinates may no longer adequately cover the region of interest. Even if
the space-time geometry is determined numerically over a sufficiently large region,
finding the position of the event horizon on a surface £(r) remains a non-trivial
problem. It is neccessary to follow orthogonal null geodesics starting from various

points in I(r) sufficiently far towards I* that it can be decided whether they lie

inside or outside J~ (I*).

The position of the event horizon 88 (r) = 3BNZ(r), which is a two-surface in X(7),
can be determined by interpolation once a sufficient number of spatially adjacent
points p,q € £(r) have been found such that p€ J~ (I*), g€ [E(r)—J~(I*)].
In full (3+1) numerical relativity this will be costly in terms of computer storage
and computational requirements. Event horizons have been determined numer-
ically for the case of spherical gravitational collapse where the problem is more
tractable due to the symmetry (Shapiro and Teukolsky 1979, 1980). The appar-
ent horizons and event horizons &etermined numerically in this case have global
properties consistent with the results of Hawking and Ellis (1973) as discussed in

section 3.1.

Studies of horizons in numerical relativity can also be used to derive limits for
the extraction of energy from black hole systems. Consider an initial data surface
$(r) with a black hole bounded by an event horizon 8B(r). The Hawking black
hole area theorem states that the area, A, of the event horizon must increase with

time. The black hole may be considered to have an associated irreducible mass
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energy M;, defined by (Misner, Thorne and Wheeler 1973, p913),
A= 16w M2

This mass energy is irretrievably lost behind the event horizon and cannot be

extracted by any _cla.séica.l general relativistic process.

The future asymptotic development of a possibly distorted black hole on X(r)
is widely believed ito approach a stationary solution of the Kerr-Newman type.
This process may be accompanied by the emission of gravitational radiation. If
the initial surface X(r) has a total mass energy M,,: defined asymptotically at
spatial infinity, then the maximum interaction mass energy, M;,., available to be

radiated in this way is given by,

@

Mgrav = M-tot - M

Now the area A of an apparent horizon on %(7) places a lower limit, M;,, on the

irreducible mass of the black hole.

- | A
M;'r = .
167

The determination of the area of an apparent horizon on X(r) can thus be used
to place an upper limit on the mass energy which may be re- distributed as gravi-
tational radiation in the future evolution of the space- time (Gibbons and Schutz
1972). The interaction energy will also produce tidal distortion in the event hori-
zon. Therefore the deviation of the apparent horizon from spherical symmetry

provides another means of estimating the energy available as graVvitational radia-

tion (Cadez 1974).

£

Numerical studies of the area of apparent horizons in stationary space-times can
also be used to further the understanding of the Penrose process whereby rotational
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and electromagnetic 'mass energy can be extracted from black holes. Efficiency
limits for energy extraction can be derived from the relation, 5]\4,, > 0. This is
well known for the analytic Kerr-Newman solution but may need to be determined
numerically for more complicated space-times such as a black hole surrounded by a
rotating magnetized disk of plasma (Wagh, Dhurandhar and Dadhich 1985). Such
energy extraction processes may play an important astrophysical role in powering

quasars and active galactic nuclei.

3.8 The Derivation of the Trapped Surface Equation

In this section the tetrad formalism and the Newman-Penrose null tetrad are briefly

reviewed, and the trapped surface equation is derived.

3.3a The Tetrad Formalism

The primary references for this section are Chandrasekhar (1983) and Stephani
(1982).

It is often convenient in general relativity to specify a set of linearly independent
basis vector fields on space-time which are not neccessarily derived as tangent
vectors of the local coordinate congruences. This is known as a tetrad basis and

will be denoted by:
e’ @=1,2,34 p=0,1,2,3

The tetrad index in parentheses identifies each basis vector in the set and p is the
usual tensor index. It is also assumed that (Chandrasekhar 1983),

€a) €(p)p = M(a)(8) (3.2)
where 7)(4)(s) is a constant, symmetric matrix with inverse n(=)(#) Tensor indices

are raised and lowered with the space-time metric g,, while tetrad indices are
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raised and lowered with 7(,)(s). For example,
€(a)p = Ipa(a)” (3.3)
The dual basis e(*), is defined such that,
e(a)pe(ﬁ)p = 5(19)(“), and e(a)”e(“)q =67, (3.4)
Contracting (3.3) with (), and using (3.4), yields the important relation,

9pq = e(a)pe(a)q (3'5)

The affine connection of the tetrad basis is characterised by the Ricci rotation

coefficients 7(.)(«)(s), Which are formed as (Chandrasekhar 1983),

Vix)(a)(B) = E(x)” E(a)pia(8)” (3.6)
These can be equivalently defined by,

e(ayoia = €™ oMy )67 ¢ (3.7)

Both the structure constants of the basis and the Ricci and Bianchi identities can

be conveniently expressed in terms of the rotation coefficients. Further details can

be found in Chandrasekhar (1983).
The rotation coefficients are anti-symmetric in the first two tetrad indices,

Y(a)(8) (=) = ~V(B)(a)(x) (3.8)

This result follows from the fact that [n(,)(s)];, =0 as ﬁ(a)( p) are metric compo-

nents, and the use of equations (3.2) and (3.6) (Chandrasekhar 1983).
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3.3b The Newman-Penrose Null Tetrad

The Newman-Penrose formalism (Newman and Penrose 1962) is based on the null

tetrad,

é(a) = { ,E,Iﬁ,ﬂ‘l‘}, e(,,)"e(,,)p = 0, o = 1,2, 3,4 (3.9)

where T,E are real null vectors and 1f is a complex null vector with conjugate m*.

The only non- zero scalar producﬁs within the pseudo-orthonormal basis are,
Ik =mm" =1 (3.10)

The complex null vector m can be decomposed as:

i + i¥) (3.11)

- 1
m=—
3
where @,V are real space-like vectors orthogonal to each other and orthogonal to
1 and k.

The Newman-Penrose tetrad exploits the null-cone structure of space-time and

is useful in studies of black holes and null geodesic congruences. For this tetrad

basis,
01 0 0
{1 000
n(ea)(ﬂ)_ 0 0 0 1
0 01 GO0

and the dual basis &@) = 5(2)(8) g, is given by,
{8)

Using (3.5) the space-time metric g, is given by,

Jab = Zl(an,,) + Zm(amz)
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In this tetrad basis the Ricci rotation coefficients are twelve complex quantities
known as the spin coefficients. These will not be enumerated here but can be

found in Chandrasekhar (1983, p42).

As€, =m" = é‘z‘s) in this basis, the complex conjugate of any rotation coefficient
Y(a)(8)(x) can be obtained by replacing all occurrences of the tetrad index (3) by

the tetrad index (4) and vice versa. For example,

Yy (1)) = (@) (3.12)

3.30 The Trapped Sur_fa.ce Equation

As discussed in section 3.1, each component of the apparent horizon on a space-like

surface ©(r) is a marginally outer trapped surface. This is a closed two-surface

where the convergence of the outgoing orthogonal null geodesics is zero (5 = 0).

In determining the position of a marginally outer trapped surface in X(7) it is

convenient to use a Newman-Penrose tetrad where I is chosen as the tangent
vector to the outgoing null geodesics orthogonal to the two-surface. The surface
is then spanned by the space-like real and imaginary parts of the complex null

vector mi. If the outgoing null geodesics have zero expansion then,
g=1°,=0 (3.13)

~ From (3.7),
(8)

@

%0 = e Y0y (1) (s) €

Using (3.10) this becomes,

e =Yyme) T T e T Ywa)e) (3.14)
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Now v(1)(1)(2) = O as the rotation coefficients are anti-symmetric in the first two

tetrad indices (3.8). Also as the vector I is geodesic (3.6) implies,

Y1) = lapk?®l® =0

In the Newman-Penrose formalism the rotation coefficient 7(s(1)(s) is denoted by

the complex spin coefficient p. Thus (3.14) reduces to,
Pa=p+p

where p = Y(s)(1)(4) = lapm®m*® by (3.6) and p* is the complex conjugate of p.

Equation (3.13) can then be written as,
R(laym*m™®) =0 (3.15)

where ® denotes the real part. The further derivation of the trapped surface
equation in this section closely follows the method of Nakamura, Kojima and

Oohara (1984).

It is useful to introduce an associated unit x;ector basis (&, d, V, §) on the hypersur-
face 3(r). The unit normal to £(r) is used as the time-like component of the basis,
fi, while (id,V,8) are space-like vectors lying in X(r). The space-like vectors are
- chosen such that (&, V) are tangent to the marginally outer trapped two-surface in

%(r) and § is the space-like normal to the two-surface. This is illustrated in Fig.

3.1.

A Newman-Penrose null tetrad is now chosen based on the orthonormal tetrad.

The vector 1-is chosen in the plane of § and @t such that I°n, = —1. Using this
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Fig. 3.1 This figure depicts the orthonormal basis used in deriving the trapped
surface equation in section 3.3. One spatial dimension has been suppressed in
showing a marginally outer trapped surface S, on an initial data surface X(7).
The unit normal to the hypersurface is & While g is the space-like normal to S;.

The surface is spanned by @ (tangent vector V is suppressed) and the outgoing

orthogonal null geodesic tangent vector is shown as L.
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and the relation (3.11), the orthonormal components are given as,

u® = --1——(m“ + m*)
V2

o® = _I_(ma —me) (3.16)
V2

sa — la. —n®

The space-time metric, g,;, in this 6rthonorma.l basis is,
Jab = —TaNp + UgUp T VaVs + SaSp (3.17)
The three-metric v,, on Z(7) is given by,
Yab = gab T NaTp (3.18)

Now, from (3.16) it can be shown that,
R(m*m*?) = —%(u“ub + v*v?)
This can be further simplified using (3.17) and (3.18) as,
R(m*m*®) = s%s* — 4 (3.19)
Equation (3.15) can be simplified using (3.16) and (3.19), to yield,
(Tass + Sap)(Y** — 8%8°) =0
Since 4*® — s*s® projects into I(7), this can be written as,
(’YCa’denc;d + Wcaﬁdbsc;d)(’yab - sasb) =0
Using (1.7) and (1.10) this reduces to,

(—Kab + Salb)(ﬁab - s“sb) =0
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where the vertical bar denotes covariant differentiation with respect to «,, and

K, is the extrinsic curvature of X(r).

This is often given in the form (Bowen and York 1980),
$%s = Kaps®s® —trK (3.20)

and is known as the trapped surface equation. If the hypersurface X(r) is time-
symmetric (K, = 0) then the marginally outer trapped surface is also an extremal

surface, defined by s*, = 0 (Gibbons 1972).

Now,

a — ab.
S la = Sap7

Using (3.18) and the orthogonality of the basis s®u, = 0 = s%v,, this can be
written as,

G

b b
5% e = —(u®pu’ss + V%Y Sa)

and the trapped surface equation (3.20) becomes,
u®pu’s, + v pv°ss = K,,s°s® —trK ' (3.21)

The index notation will be adapted for the remainder of the Research Report to
reflect the specialised orthonormal basis (i, @, V,8) that has been chosen. Greek
indices with a range 1,2,3 will henceforth be used for all space-like vectors and

tensors lying in X(7).

Each marginally outer trapped surface is a two-surface in %(r) and can thus be
expressed as,
2% = % (¢, 1) | (3.22)
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where ¢, 4 parametrise the surface. The tangent vectors to the two- surface (P, §)

are given in the usual way as,

These vectors can be expressed linearly in terms of the orthonormal tangent vectors

u® and v* in the form,

ua — alpa
(3.23)
v* = a;p% +asq”
Applying the conditions u®u, = v*v, =1 and u*v, =0, yields,
a, = B—O.S
a2 = =(as)(@)"C (3.24)
cz %8
ag — [A —_ “'E'

where A = ¢°q,, B = p*Pp., and C = p®q,.
Using (3.23) and (3.24) the trapped surface equation can be expressed as,
[Ap®\s0® + Bg® 59" — 2Cp* |5¢°]sa = (AB — C?)(K,p8*s® —irK)

Expansion of the covariant derivatives yields,

&%z . 02° 0z~ &%z , 0zf 8z°
[A( Oe? +r“66 Be)+B(3y.2 e op 3/.L)
‘ (3.25)
8% z™ 9z? dz* . 2
— bl a ¥ T& — _ @ —t
20(366[1; + T3, 3¢ op ]se = (AB — C?)(K,p5%s rK)

where T'¢

G are the connection coefficients with respect to v,
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The vector s, can be computed from the orthogonality of the space-like basis as,

s = Vv ;  8zf 9z~
* T JAB-C? “** 8¢ opu

(3.26)

where 4 = detv,5 and €., is the permutation index. The coefficients A,B and C

can be computed as,

dz* oz

_,, 0z 9z 3.27
B =% e Oe (3.27)

dz* 3z?
C = Aup o 2E
Y8 "3 ou

An attempt can be made to solve. (3.25) on X(r) once the initial data (Vas,Kap)
on Z(r) have been specified.

3.4 Methods of Solving the Trapped Surface Equation

In this section a review will be given of various methods that have been used to
solve the trapped surface equation. The advantages and disadvantages of each

method will be discussed more fully in chapter 4.

3.4a The Trapped Surface Equation in Circular Cylindrical Coordinates

3.4a(i) Axially Symmetric Initial Data

In the case of axially symmetric initial data, each marginally outer trapped surface

is most easily expressed i cylindrical coordinates (p, z, ¢) as,

p=ple), z=2(¢, ¢=¢
51



where the surface is parametrised by ¢, and the z-axis is chosen along the axis
of symmetry. The trapped surface equation (3.25) in these coordinates takes the
form,

dzf az* oz?

62 &
A(S% +T3, 5 5-) + BT, — 20T, “lox = (4B = C*)(Kups* s —irK)

oe? PR Je Oe
(3.28)
where barred Greek indices cover the range 1,2. No summation is implied over the

indices p, ¢.

For time-symmetric initial data (K,s = 0) that are conformally flat, 7. =

¥*Nap (Map = Minkowski three-metric), equation (3.28) reduces to,

1

W =0 (3.29)

4 : z
55— 55) + — (ps — B,) — —5
( ) 1/)3 ( - p) p¢2
_ where a dot denotes differentiation with reépect to €. In this case each marginally
outer trapped surface is a minimal surface and Cadez (1974) derived equation
(3.29) from this requirement. If a suitable gauge is chosen for € the trapped surface

equation reduces to a system of two second order ordinary differential equations.

The gauge condition can be formulated as,
PP+ =W (3.30)

where W is the gauge function. Equation (3.29) then reduces to:

F-WW, ;,’; Ww, — %’:zp,p - %’;] +-»—v‘§;[wwz - 4272 $,.] =0
‘ ' (3.31)
b= wW, W, ~ g, - s L, - T =0
The axial symmetry imposes the boundary condition,
2=0atp=0 (3.32)
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Equation (3.31) can be integrated numerically once a gauge function , W, has
been chosen. The starting point of the integration is at z = z(,, p=0, €=0
and the conditions (3.30) and (3.32) are used as initial constraints. If the path of
integration returns to the z-axis with é‘:: 0 then it is closed and is a marginally
outer trapped surface. Any paths of integration that tend to infinity or end on a
singularity are ignored. By varying the starting point, z,, of the integration on
the z-axis, the marginally outer trapped surfaces and the apparent horizon can be

determined.

Cadez (1974) and Bishop (1982,1984) used this method to treat the axially sym-
metric case of two Schwarzschild black holes on a surface of time-symmetry using

the conformally flat initial data of Misner and Wheeler (1957). Cadez (1974) made

the gauge choice W = ¢* while the results of Bishop (1982) can be reproduced

using a gauge W = ,,.,10« . Bishop (1984) also used this method to investigate the
case of two Schwarzschild black holes where one black hole has ver? low mass.

Slightly different coordinates were used in this case to avoid numerical difficulties.

3.4b The Trapped Surface Equation in Spherical Polar Coordinates

As discussed in chapter 1, the full (3+1) formulation of numerical relativity has
been increasingly used to model complex systems of astrophysical interest, which
may soon include such systems as two colliding Kerr black holes. This has provided
a strong motivation to develop numerical techniques for the solution of the trapped
surface equation (3.25) where there are no special symmetries in the initial data.

This problem was first addressed by Nakamura, Kojima and Oohara (1984).

In the general case the S? topology of the marginally outer trapped surfaces sug-
gests the use of spherical polar coordinates (r,6, ¢). The marginally outer trapped

surfaces can be defined in these coordinates as r = r(, ¢), where the identification
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e =0, u= ¢ has been made in (3.22) (Nakamura, Kojima and Oohara 1984).

The space-like normal to the two-surface, s, , has components (3.26),

~ 1 or Or
Vas—c a6 g (5:33)

S =
The trapped surface equation in these coordinates takes the form,

Pr BEFr 2 Pr
802 A 0¢? A 800¢

gg( —2T7, + T3, + iI‘ +"§§r:¢ - g;10—1‘39,,)

e o e
—( ?(~TI7, +2I°%, 251“‘14,) - (%) (- il“ir + 2fl“¢ - %F‘fe
-
- %%(21‘;”9 sz—r‘,’(t + 2—5;1" zfrfo - ?-grfd,)
- &y e, - L) - (G GG - 5T
I -ﬁ-r;q, - %}m = -(-‘-@—:/—gl—(ffa,,sasﬂ — trK)

- : (3.34)

No summation is implied over the indices r,4, ¢.

Specializing to the case of conformally flat initial data, 7.p = Vap (Map =

Minkowski three-metric), equation (3.34) becomes,
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8*r B d*r 2C &r

962 T Ad4® A 8004

or B | ?.be ¢a

357 Sin 2 0( ¢+cot0)+2¢)
+§—;(2¢’/s’1:’1 0(1+—§-sin20)+'2j40-cot0)
ot ) BByl b
(ézzg; Arczzp'p 2r2¢1sin 2 (918(52;5%52—5‘&"‘)
+(Zp () - (G + By - GG+ D)

(AB —C?)3
V2l

The coefficients A,B and C can be calculated from (3.27) as,

- E:Z(r'gb,, T 2g)(1+ Ssin®0) = (Kups®s” — trK)

A

A= ¢) + ¢*r?sin® 0

PR
or,, 0
¢ =v*(55)(55

The space-like normal to the two-surface, s, , can be calculated from (3.33) while
the extrinsic curvature K, ; depends on X(r), the hypersurface slicing of the space-

time.

Equation (3.35) is a highly non-linear second-order partial differential equation
of mixed type. All attempts to solve this equation have used series methods and

these will be discussed in the next two sections.
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3.4b(i) Axially Symmetric Initial Data

In the case of axial symmetry, where the z-axis is chosen to lie along the axis
of symmetry, all terms in equations (3.34) and (3.35) involving 22 vanish. The

marginally outer trapped surfaces, r(f), can be approximated as a truncated series

expansion of the form,

'ma:

r(0) = Z a,; P, (cos 6)

where P, (cos ) are the Legendre polynomials.

In the case of time-symmetric initial data, the marginally outer trapped surfaces
coincide with minimal surfaces (Gibbons 1972) and the coefficients, a;, can be

determined from a variational principle. For conformally flat initial data, v.p =

%N, , the area of a surface r = r(8, ¢) is given by,
27 T
A, = / / *[r* sin®  + sin® ()(9-7---)2 + (QL)Z]éhrdﬂqu (3.36)
o Jo a0’  “9¢

The coefficients can be determined numerically from the condition that the two-

surface is extremal,

64, =0 (3.37)

This technique was used by Brill and Lindquist (1963) in determining the apparent
horizons for two time-symmetric Reissner-Nordstrom black holes, using the initial

data of Misner and Wheeler (1957) generalised to include electric charge.

Eardley (1977) used a similar approach in locating the apparent horizons of axially
symmetric pure gravitational radiation. These initial data are also time-symmetric

and conformally flat. In this case the marginally outer trapped surfaces were
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approximated as,

lm ax

r(8) = Z a; cos' 0 (3.38)
: =0
Using this expansion, the trapped surface equation (3.35) can be written as,
" R..o(a,0) =0, forall§ and [ =0,..,lnaz (3.39)

where R,., is the equation residual obtained by substituting (3.38) in the trapped
surface equation. The series coefficients a; were varied independently to minimise
f 0" R,.,d8. This is an iterative technique and requires an initial set of coefficients,

a; (©) B

3.4b(ii) General Initial Data

For the case of general non-axisymmetric initial data, Nakamura, Kojima and

Oohara (1984) approximated the marginally outer trapped surfaces as,

lmuz l

r(8,8) =D D timYin(0,9) (3.40)

I=0 m=~1

where Y;,, (6, ¢) are the spherical harmonic functions and both a;,, and Y;,, are

complex.

For time-symmetric initial data the coefficients a;,, could be determined using the
method of Brill and Lindquist (1963), as discussed in the previous section (3.37j.
The method used by Eardley (1977) could also be generalised to the full (3+1)

formulation of numerical relativity by writing the trapped surface equation as,

R, ..(0m,0,6) =0, forall 8,4 and | =0,..,lne, m=—1,.,1 (3.41)
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where R,., is the equation residual obtained by substituting (3.40) in the trapped

surface equation. The coefficients a;,, could then be determined by minimising

2 [T R,.,sin8d0ds.

Nakamura, Kojima and Oohara (1984), however, proposed a direct iterative scheme

for determining the coefficients a;,,, . This is described in the next section.

3.5 Nakamura’s Method

Nakamura’s method is based on the series expansion (3.40) for the marginally outer
trapped surfaces. The trapped surface equation in spherical polar coordinates
(3.34) can be written in the form,

o%r or 1 8%r 8*r 0%r Or or

50—; +COt05‘0‘ + m—a‘a; = F(aoa¢; 5'¢_2': é'aaé;,vaﬁsKaﬁsrﬂn)

(3.42)

where the second and third terms on the left hand side have been added to both

~ sides of the equation. This exploits the fact that the spherical harmonic functions
Y,,. satisfy (Flugge 1974),
Yim 1 0*Yim

0%Yim
e TG t o ap - 0t Y (8.43)

Substituting (3.40) in (3.42) and using (3.43) yields, |

ima: ‘

- Z Z i +1)aim Yim = F(@imYas> Kap>T5e) (3.44)

=0 m=-1

Multiplying both sides of (3.44) by the conjugate spherical harmonic function Y, *

and integrating over all solid angles leads to the relation,

1 2r k.3 . o .
Ay — —m/o ‘/(; Y ,mF(a,m,'ya,g,Kap,I‘pn)sm0d0d¢ (3.45)
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where the orthogonality of the spherical harmonic functions has been exploited

(Press et al. 1986),

27 £
/ / Y;m (0)¢)Y*1'm'(0, ¢) Sined0d¢ = 5’,15mm/
0o 0

The relation (3.45) can be used as the basis for an iterative scheme to determine

‘the coefficients a;,, . This can be expressed in algorithmic form as,

begin

(* Calculate an initial set of coefficients @, (9) ysing a trial solution ro (0, @) *)

2r ™ )
a0 =/ / r0(0,9)Y*1,, sin0dfde
0 0 (3.46)
n=20

repeat
n=n-+1

(* Calculate a new set of coefficients a;,, (») using (3.45) foralll1 <1<lpee, 0<
m<1¥*)

a,m(”) = — l(l n 1 / / Y lmF a,gm ),'7ap,Kap,I‘§n)sin0d9d¢, (3.47)

(* Determine ago(™) as the root of the equation *¥)

27 Ed
/ / Yoo F(aim " ,’Yap,Kap,I‘ﬁn) sin 8dfd¢ [%o ]=0 (3.48)
0 0

until (iteration has converged) or (n ezceeds maz. no. of iterations allowed);

end
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This method was proposed by Nakamura, Kojima and Oohara (1984) as an exten--

sion of previous work by Sasaki et al. (1980). The method was demonstrated to

work with various trial initial data and was used to treat the case of three time-

symmetric Schwarzschild black holes (Oohara, Nakamura and Kojima 1985). This

numerical method will be evaluated more fully in the next chapter.

The aim of the evaluation will be to determine the suitability and limitations of
the algorithm for general numerical space-times. This will include a more detailed
analysis of the accuracy, complexity and convergence of the algorithm than that
conducted by Nakamura, Kojima and Oohara (1984). In particular the case of
two time-symmetric Schwarzschild black holes will be treated, where a numerical
solution has been determined by other means and highly distorted marginally

outer trapped surfaces are known to exist (Bishop 1982,1984).
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CHAPTER FOUR
NUMERICAL EVALUATION OF THE NAKAMURA ALGORITHM

Introduction

This chapter deals with the numerical evaluation of the Nakamura algorithm.
The implementation of the algorithm is described in section 4.1. The first test
problem considered is that of a shifted Schwarzschild black hole (section 4.2). The
computational complexity of the algorithm is discussed in section 4.3. Several
modifications are made to the algorithm and these are given in section 4.4. The
second test problem considered is that of two time-symmetric Schwarzschild black
holes (section 4.5). In section 4.6 the case of three collinear, time-symmetric
Schwarzschild black holes is considered. In closing, the algorithm is compared

with other numerical methods in section 4.7.

4.1 Implementation of the Nakamura Algorithm

This section contains a brief description of the implementation of the Nakamura

algorithm, and a discussion of the numerical methods that were used.

The algorithm was coded in FORTRAN 77 on an IBM 3083. Use was made of
subroutines from the Numerical Algorithms Group (NAG) library (NAG Library
Manual 1982) and the IMSL MATH/LIBRARY (IMSL Library Reference 1987).

4.1a The Spherical Harmonic Functions

The spherical harmonic functions, ¥;,, (4, ¢), are defined in terms of the associated
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Levgendre functions P™;(cos §) as (Press et al. 1987),

(20 +1) (I — m)!
4r (I +m)!

Y (8,0) = P™(cos§)e'™® (4.1)

The order, [, and degree, m, of the functions are integers in the range! >0, —I<

m <.

The spherical harmonic functions are orthogonal for different /,m when integrated

over a sphere,

2r T
/ / Y (0, 8)Y5.. (8, 4) sin 8d0dg = 6:16mim (4.2)
0 0 ’

and also satisfy (Press et al. 1987),

Y, (0,4) = (~1)" Yio (6,9) @)

The associated Legendre polynomials can be expressed in a hypergeometric series
representation (Gradshteyn and Ryzhik 1980,p1009) but this is not optimal for
numerical work. A more computationally stable and robust method is suggested

by Press et al. (1987) based on the reccurrence scheme,

(1 —m)P™, = (cos§)(2l - 1)P™,_, + (I + m —1)P™;_, (4.4)
For the specialvcase of | = m + 1 this becomes,
P, = (cosd)(2m + 1)P™,, (4.5)

The associated Legendre polynomials P™,, have the closed form expression (Press

et al. 1987),

P™ . (cosf) = (-1)™ (sing)™ ﬁ(2i -1) (4.6)

i=1
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Equations (4.6) and (4.5) thus provide the two starting values for the reccurrence
relation (4.4). The first and second derivatives of the associa.ted Legendre polyno-
mials can be calculated in the same way by differentiating equations (4.4),(4.5) and
(4.6). Due to the property (4.3) it is only ever neccessary to evaluate polynomials

of positive degree, i.e. m > 0.

4.1b Evaluation of r(8.#) and its derivatives

In the Nakamura algorithm the marginally outer trapped surfaces r(4, @) are ap-
proximated as (3.40), '

"D Z timYim (6:8) (4.7)

=0 m=—1

Exploiting the orthogonality of the spherical harmonic functions (4.2) yields,

/ / (8, $)r (6, ) sin 0dfdg (4.8)

Using (4.3) and the fact that (6, ¢) is real leads to the relation,
a4, —m=(-1)"a, (4.9)
The expansion (4.7) can thus be written as,

i

Ms

[GIO},!O + 2 Z 'SR alm. Ylm)} (4°10)

V] m=1

r(6,¢) =

i

where R denotes the real part.

The derivatives of r(4, #) can be derived directly from (4.10); for example,

Fr T PV ’ 0*Yim
50 = 2l g 2 O Rlowm 55"
=0 ) m=1
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In the case of axial symmetry, all coefficients in (4.10) with m s O vanish.

If the series (4.10) is evaluated directly using the reccurrence relation (4.4) for the
associated Legendre polynomials, then the computational complexity in evaluating

r(6, $) is of order ~ O(%,,.). It is more efficient to evaluate (¢, #) as,

lmaz Imaz Imaz
7’(0, ¢) = Z atho + 2 Z Z §R(a'lrn Y;m)
=0 m=1l=m
This evaluation is optimal for the reccurrence relation and is of computational

complexity ~ O(&2, .. ).

4.1c Other numerical methods used

4.1¢c(i) Numerical Quadrature

Numerical integration is required in steps (3.46),(3.47) and (3.48) of the Nakamura

algorithm. The integrals are complex and have the general form,

2 T
S = / / Y G(0, ¢) sin 0d0ds
0 0 :

where G(8, ¢) is a smooth real function of 6 and ¢. The real and imaginary parts

are evaluated separately. Using (4.1) the real part of S can be written as,

_ A+1(0-m)t 2" [T . )
R(S) = \/ o (Fm) /0 A P™ (cos )G (8, ¢) sin 8d0 cos(m¢p)dé
The imaginary part is identical except cos(m¢) is replaced by — sin(m). The
inner integral over # is smooth and well-behaved but the outer integral over ¢ is
rapidly oscillatory for large m. The intergral S is most easily evaluated by applying

a one-dimensional method 3;_0 each dimension.
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A computationally efficient method proved to be the NAG routine DO1IDAF (NAG
Library Reference 1982) which applies a Patterson method to ea.éh dimension. The
Patterson method is based on optimal extension of the Gauss quadrature formulae
(Patterson 1968). The degree of the quadrature formula in use is steadily increased
from a vthree—point Gaussian formula to a 255-point quadrature formula until two
successive integral evaluations differ by less than a specified absolute accuracy.

This method does not evaluate the integrand on the boundary. This avoids coding
difficulties at 8 = 0,7 due to terms of the form - in F (3.35).

The results of this method were confirmed by using a combination of two univariate
IMSL quadrature routines. The inner integral was evaluated using DQDAGS
and the outer integral using DQDAWO (IMSL Library Reference 1987). The
routine DQDAGS uses a globally adaptive scheme where a 21-point Gauss-Konrad
formula is applied to each subinterval. Extrapolation is also used (Piessens et al.
1983). DQj)AWO uses a similar adaptive strategy but allows a sin(wz) or cos(wz)
weighting. A modified Curtis-Clenshaw procedure or 7 /15 Gauss-Konrod rule is

used in each subinterval (Piessens et al. 1983) with extrapolation.

No significant difference was found between the two approaches for m < 10. The
trigonometric weighting is, however, important for larger m. This is consistent
with the analysis of rapidly oscillatory Fourier integrals by Davis and Rabinowitz
(1975, p125). The NAG routine DOIDAF was used for m < 10 for reasons of
computational efficiency. Trigonometric weighting should not be used in evaluating

(3.48).

If the marginally outer tra.bped surfaces r(f, ¢) are well-behaved functions, includ-
ing r(0,$) > 0 for all 4, ¢, then the integrand F is smooth and well-defined even
on the boundary. If r(6, ) passes through a singular point in the three-surface,

where the curvature scalar or conformal factor is infinite, then the integrals (3.47)
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and (3.48) are undefined.

4.1c(ii) Roots

The Nakamura algorithm also requires finding a root of the equation (3.48). This

is a transcendental equation in a single variable R(aqo).

An initial range for the root is determined by sampling the function at equal
spacing in @go and determining all zero crossings. The lower limit for the search
is set by the condition r(f,4) > 0 and the upper limit is specified by the user.
This can easily be estimated in terms of the scale of the problem. The initial
range is passed to the NAG routine COSADF (NAG Library Manual 1982) which
determines the root to within a specified absolute accuraccy using a combination

of bisection, linear interpolation and extrapolation.

4.1d Measures of Convergence

The following measures were used to test the convergence of the algorithm:

(i)' The integral L, norm of the equation residual (3.41),

25 T 0.5
[ f / B2, sin 0d0d¢] (4.11)
(o] 0

{r)

Im ?

(ii) The integral L, norm of the change in the solution r(e,”’ ,0,¢) from the pre-

vious to the current iteration cycle,

2w T 0.5
[ / / (r(a™),8,¢) — r(al”"",0,4))? sinﬂdﬁdqﬁ] (4.12)
0 0
The maximum change in (0, ¢) is also computed as the discrete norm,

Ir(a™,0,8) — (a2 ",0,8)|co.a
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(iii) The change in the area of the surface r(a{™,8,4) as defined in (3.36).

im ?

4.2 Evaluation of the Nakamura Algorithm for a Shifted Schwarzschild
Black Hole

In evaluating the Nakamura algorithm it is important to consider the following

numerical properties of the method:

i) Convergence
ii) Accuracy

(
(
(iii) Computational complexity (speed)

(iv) Sensitivity of the algorithm to the initial trial function
(v) Robustness and stability of the algorithm

(vi) Ease of implementation

A useful test of the algorithm can be ‘performed by determining the apparent
horizon for a shifted Schwarzschild black hole on a time-symmetric space-like slice.
The position of the apparent horizon in this case is known analytically. As there are
no special spatial symmetries this is also a test of determining apparent horizons

in full (3+1) numerical relativity.

4.2a Initial data for a Shifted Schwarzschild Black Hole

The initial data for a shifted Schwarzschild black hole of mass M in isotropic
coordinates on a space-like hypersurface (t=constant) are given in section 2.1b.

They are,
Kap =0

M
Yap = {1+ ﬁ)“nal s, wheren,; = Minkowski three-metric

67



For a black hole centered at r = d,8 = o, = B, R is given by,
R = [r® + d* — 2rd(sindsin a.cos(p — B) + cosf cos a)]’z"

In this case the apparent horizon is the shifted three-sphere of radius “—2‘— defined

by,

| _
r(8,4) = vd + \/:zdz — (& - %-), d< %{

(4.13)

where,

v = sin § sin @ cos(¢ — B) + cos f cos

The initial data are conformally flat and time-symmetric, and the trapped surface

equation takes the form (3.35).

4.2b Numerical Results

Nakamura, Kojima and Oohara (1984) tested the method for a shifted time- sym-
metric Schwarzschild black hole of mass M = 1 located at d = 0.2, = 0.79,8 =
1.26. Starting from a trial solution r, (4, ¢) = 0.5 they noted that the final numer-
ical results agreed quite well with the analytic solution but provided no detailed

analysis of the convergence of the method. A series of length I, ., = 20 was used.

This example was repeated using an initial trial solution r, (8, $) = 5 which lies
in the asymptotically flat region of the initial data surface. This does not assume
any prior knowledge of the final solution. The algorithm was found to converge

smoothly to a limiting accuracy in the form,

”7"(0, ¢) — Tezact (0, ¢) ”2 24 10~’=N (4.14)

where 7...0:(0,¢) is the known analytic solution (11.13) and N is the iteration
number. This is shown graphically as the red curve in Fig. 4.1. The rate of

convergence, kK, was found to be k ~ 0.2.
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Fig. 4.1 The convergence of the Nakamura algorithm for a shifted Schwarzschild

black hole at d = 0.2,8 = 0.79,¢ = 1.26. The convergence, C, is measured as the

logarithm of the L, norm of the error in the solution i.e.,

C = —;—log [/0 " /0” [7(0, @) — Tezact (0, @)]° sinbdbde

The red curve shows the convergence of the original Nakamura algorithm while

the green curve depicts the behaviour of the modified Nakamura algorithm.
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The limiting accuracy is set by the number of terms in the series and is of order

~ O

). Tests up to lna. < 10 did not indicate a dependence of the rate of

1
lmaz

convergence & on I, ... Due to computational restrictions /,,,. = 5 was used in
this example. In addition, the convergence is not strongly influenced by choosing

the initial trial solution as either r, (8, ) = 0.5 or ro (4, ¢) = 5.

Now, it is known that for two Schwarzschild black holes on a time-symmetric space-
like hypersurface there exist highly distorted marginally outer trapped surfaces
(Bishop 1982). Similar surfaces may be expected in the initial data for N black
holes which have non-zero linear or angular momentum. It is therefore important

to evaluate the Nakamura algorithm for the case of more distorted initial data.

This can be induced as coordinate distortion in the case of a shifted Schwarzschild

black hole by increasing the offset, d, of the black hole from the origin. The case
M =1,d = 0.4, = 0.79,8 = 1.26 was therefore considered. The same initial trial

solution 7, (0, $) = 5 was ‘used.

An immediate problem was encountered in determining a((,f,) as the equation (3.48)
does not have a root for this value of d. This is shown as the green curve in Fig.

4.2. This problem was investigated more fully and is discussed in the next section.

4.2¢ The Determination of @aq

The sensitivity of the Nakamura algorithm to the initial choice of trial solution
can be determined analytically for a shifted Schwarzschild black hole. .

‘Consider an initial trial solution 7, (8, ) = @ = @4 Yo With origin at (0,0,0) for
the case of a shifted Schwarzschild black hole of mass M at r = d,0 = 0. The

coordinate restriction d < #- is applied.
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Fig. 4.2 Some examples of the function [ [ Fyodf? (4.19) used in the determina-
tion of age. Both curves depict the function in the first cycle of the iteration
with 7o (0,$) = 5 as an initial trial solution. The green curve refers to a shifted
Schwarzschild black hole of unit mass situated at d = 0.4,0 = 0.79,¢ = 1.26. In
this case a minimum must be accepted for ago. The red curve corresponds to the
case of three collinear Schwarzschild black holes of unit mass at equidistant unit
spacing, with the origin at the position of the central black hole. The inner root at
aoo ~ 1 results from the marginally outer trapped surface surrounding the central
black hole while the root at ay, ~ 5 is caused by the apparent horizon enclosing

all three black holes (cf Fig. 4.9)
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Now, @y, is determined as the root of the equation f:" JJ Y5, Fsin6dddé = 0

(3.48). This is essentially a Galerkin criterion (Fletcher 1984).
From (3.35) this becomes,

ﬁ/oﬂ ‘1%[01/),,.|,(9’¢)=a + 2¢(a,)]sindd6 =0
where p = (1+ 25 ) and R=[r* + &° — 2rd cos 0] .
This can be integrated directly to yield,

2L v 2 ) (n(a+d) — In ja — d]) + 2v/7(2a — M)

. (4.15)
+ 2\/7?[01(,7—1-2 -1)+ %][ln(a +d+ %) —In{fa—d+ —Azi)] =0

where 7 is defined as d = (%) and 0 <7 < 1.

Tt can be shown numerically that (4.15) has no roots if n > 0.46 although there
may be a minimum near the correct value for aqo. Thus for a single shifted
Schwarzschild black hole of mass M = 1 the Nakamura algorithm will not find a
root for ay, in the first cycle of the iteration if d > 0.23. The equation (4.15) may
have multiple roots and/or minima and needs to be carefully examined in the first
few cycles of the iteration. Some representative examples are plotted in Fig. 4.2.
In the case of multiple roots the outermost root is usually the best choice but all

should be tried for completeness.

The algorithm can be made immediately more robust by accepting minima in
(4.15) when there is no root defining ao. This is a Raleigh-Ritz criterion (Fletcher
1984) and is similar to the variational technique used by Brill and Lindquist (1963).

In this implementation of the algorithm, minima were determined using the NAG
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routine EO4JAF which uses a quasi-Newton method with fixed upper and lower
bounds on the independent variable. Only function values are ﬁsed (NAG Library
Reference 1982).

The determination of ay, can be further improved by constraining af)’;) such that

r(a.(")

lm °

8,¢) is strictly positive. This places a lower limit on the range in which

the search is conducted for a root or minimum in (4.15). The original Nakamura

method determines the coefficients a!®’, 1, m # O using the relation (3.47) and

Im 3

(

then determines a2’

using the previous coefficients a,,(,';"l), l,m # 0. The al-

gorithm is improved in robustness and convergence if af)'(;) is determined using

af;) , 1,m # 0 from the current iteration cycle. This often yields a root in (4.15)

where the use of the previous coefficients only leads to a minimum.

Using this method for the determination of ag, it is important to monitor the
convergence of the algorithm as expressed by the integral L, norm of the equation
residual (4.11). If equation (4.15) does not develop a root within the first five
cycles and the L, norm of the equation residual is not converging, then the initial

trial solution may need to be improved.

4.2d Further Numerical Results

This improved version of the algorithm was then used for the test problem of a
shifted Schwarzschild black hole of mass M=1 located at d = 0.4, = 0.79,8 =
1.26 as considered in section 4.2b. The initial trial solution 7, (8, ) = 5 was used
with a series of length ln., = 6. With the improved mei:hqd for determining
ago the iteration was initially convergent but diverged before reaching the limiting
accuracy. This is shown by the red cuﬁre in Fig. 4.3. The instability was found

to be caused by oscillatory behaviour in the coefficients a;,, . Tests up to lpa. <7
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Fig. 4.3 The convergence of the Nakamura algorithm for a shifted Schwarzschild

black hole at d = 0.4,6 = 0.79,¢ = 1.26. The convergence, C, is measured as the

logarithm of the L, norm of the error in the solution i.e.,

C = %log [/0 " /: [7(8,B) — Tegace (0, 9)]? sin0d0d¢]

The red curve shows the convergence of the original Nakamura algorithm while

the green curve depicts the behaviour of the modified Nakamura algorithm.
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indicated that this lack of stability is independent of the number of terms in the
series approximation for r(0, ¢). Tests with greater values of /,, ., proved difficult
due to limited computer resources. Divergent behaviour was also found when using

an initial trial solution r, (8, #) = 0.5.

This lack of stability was overcome by taking a weighted average of the coefficients
a;,, over successive cycles of the iteration. This is analogous to successive overre-
laxation as implemented in finite-difference schemes for solving partial differential
equations (Quinn 1988,p141). The acceleration is defined in terms of a weighting

factor {1 as,

(n—1)

{n)
(n) nalm a'lm
= 4.16
a’lm 1 I n ( )

It was found that the weighted averaging is best introduced after approximately
three iterations. Introducing the weighted average acceleration scheme overcame
the previous divergent and unstable behaviour of the algorithm. This is shown by
the green curve in Fig. 4.3. In addition, the improved algorithm approximately
trebled the convergence rate, x, for the previous numerical test of the method for
a shifted Schwarzschild black hole of mass M=1 located at d = 0.2, =0.79,8 =
1.26 (as described in section 4.2b). This improvement is shown by the green curve

in Fig. 4.1.

The weighted averaging is particularly effective when the coordinate origin is offset

from the geometric centre of the marginally outer trapped surface.

4.3 Computational Complexity of the Algorithm

The number of iterations, Nj;::, needed before convergence to the limiting accu-

racy is of the order (4.14),

1
Nimic ~ O(‘; log(lmu)) .

75



The computational work, ¢, per iteration is approximately,

~O(l%..)

mazx

and the accuracy, ¢ is of order ~ Of ,mla ). Thus,

t~0() (4.17)

This is computationally prohibitive but could be reduced by various means.

(i) In a parallel or vectorized computer environment, the coefficients @;,, could be

iterated in parallel.

(ii) The steps of the algorithm involving numerical quadr'a.tufe, (3.47) and (3.48),
could be considerably optimised by introducing a customized quadrature routine.
This would involve sampling the function F(6,¢) at the start of each iteration
at a well-defined set of quadrature absisscae over § and ¢. This table could be
used in determining all the coefficients a;,, and would substantially reduce the

number of evaluations of the function F(6, ¢). This could reduce the computational
complexity to the form t ~ O(Z). It would be difficult, however, to introduce

trigonometric cos(mg¢) or sin(rﬁcﬁ) weighting over ¢. This was not investigated

further in this research.

(iii) A smaller improvement in speed can be obtained by updating the quadrature
accuracy during the course of the iteration. This can be achieved by initially
setting the absolute quadrature accuracy €., for each coefficient a;, to € and-

updating ¢,, subject to the constraint,

(nt1) _ [a(n) (n 1)]

Im

4.18
ef act ( )

where €, .. is usually 10%. A lower limit is also set for ¢, . This was implemented

in the algorithm and led to an increase in computational efficiency.
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(iv) The algorithm could also be increased in efficiency by starting with a small
number of terms and increasing l,,.. as the iteration converges. This was not

investigated further in this research.

4.4 The Modified Nakamura Algorithm

The modified Nakamura algorithm was impiemented in the following form:
(* Define variables*)

l,...: highest order in spherical harmonic series for r(8,d);
Nmaz: mazimum number of tterations allowed;
Climit: COnvergence limit;

ro(0, ¢): instial trial solution;

(* numerical accuracy parameters *)

€0 : intial absolute accuracy for quadrature and root finding;

€imiz: ltmit to the absolute numeﬁ'cal accuracy;

€ract’ GCCUracy adjusiment factor;

€1m : absolute numerical accuracy used in determining the coefficient o . Thss
consists of two values for each coefficient, one of the real and one for the imagi-

nary part of each ai,, . This table is initially set to €.
(* iteration acceleration ¥)

Nwaie tteration cycle at which to begin averaging the coefficients a;m

0: weighted average factor;
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beqin
(* Determine the initial coefficients a{®) using the trial function r, (8, ¢) for all *)

(#0 < lpnae, 0 < m <1 Absolute numerical accuracy: € *)

o) = / / w70 (0, ¢) sin 0d0dg

n=n+1

(* Calculate a new set of coefficients a,( ") using (345) forall 1 <! <lnss, 0Z

m < [. Absolute numerical accuracy: €. *)

27 ]
m) ___ 1 (n—-1) o . 0dhd
Sim l(l + 1) L /0 F(a' "7'119’Kaﬁar p,c)Slnad 03

(n)

(* Determine ay, using the current a{®). First determine a lower limit for al®) %)

a(()'(‘,) =0
Fmin = The minimum of r(af,';) ,0, ) in the interval § = [0,7], ¢ = [0,27]

{n) _ Tmin
00(min) — Yoo

a

(* Determine a{?) at the root or minimum of the function *)

/ / Y'O*OF(a,lm :7aBaKaﬁara5 )5111 6d0d¢ [a(n)] = 0 (4.19)

(* subject to the constraint ago) > a{™) Use the outermost root or mimimum,

00(min)*
but try all roots for completeness *)
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(* Adjust the numerical accuracy table (4.18) subject to the limit & > €limit ¥)

for 1=0to !, .. do
for m=0to l do éa;,, = a.l(;) AN

im

if bai, < €, then g, = ==
€fact

.’f €im < €limit M €im = €limit

(* Compute convergence measures and the area of the surface *)

et 7™ [T R?,, sin6d0dg]°-®

2" fT(r(al2),8,8) — r(atn” 1) 8, 4))? sin 8d8ds|°5

¢o: Area= A, = [27 [T 4*[r* sin 0 +sin® 0(25)? + (22)%]3 rdfdg

Ca &

(%)

Cyq Ilr(af,';)sgaqs) r(a(ﬂ 1) 0:45)”00#1

until [(e; < Cimie) and (¢ < Ciimi)] OF (0> Nmaz);

end;

4.5 Two Time-Symmetric Schwarzschild Black Holes

The second test problem to be considered is .the case of two time-symmetric
Schwarzschild black holes. This provides a particulalry useful test for the nu-

merical evaluation of the Nakamura algorithm.

Bishop(1982,1984) located a highly distorted marginally outer trapped surface
enclosing both black holes, that lies to the interior of the apparent horizon, if
the separation between the two black holes is sufficiently small. It is important to
determine whether the Nakamura algorithm converges to this solution, particularly

as these initial data were not considered by Nakamura, Kojima and Oohara (1984).
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The results obtained using the Nakamura algorithm also provide a useful compar-
ison to previous work, which used different numerical methodé to determine the
apparent horizons of two Schwarzschild black holes. ‘Both the Misner(1963) and
the Misner and Wheeler (1957) initial data were considered, and the results are

reported in the following sections.

4.5a The Misner and Wheeler Initial Data

The Misner and Wheeler initial data are time-symmetric and conformally flat,
Ka B = 0
Yap = ¥*1.p Where 1,5 = Minkowski three-metric

For two Schwarzschild black holes of mass M; and M, located at (r = 0,0 = 0)
and (r = a,0 = 0) respectively, the conformal factor in spherical polar coordinates

is given by (2.23),

+ M, + M,
24/r2 +d? +2rdcosf  24/r% + (a — d)? —2r{a — d) cos ¥

Yp=1

The origin is at (r = d,§ = 0) and the z-axis is chosen along the line joining the

two black holes. In this formulation the initial data are axially symmetric.

4.5a(i) Previous Numerical Results

Apparent horizons for two Schwarzschild black holes, described by the Misner and
Wheeler initial data, were originally determined by Brill and Lindquist (1963)
using the variational technique of section 3.4b(i). This preliminary work was ex-
tended by Cadez (1974) and Bishop(1982,1984) who used the numerical method
of section 3.4a(i) to determine the position of the marginally outer trapped sur-
faces, although both used different gauge choices (3.30). No analytic solution of

the trapped surface equation is known for this system.
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Bishop(1982) considered the case of two Schwarzschild black holes of unit mass
M, = M, = 1 for varying coordinate separation a. For a coordinate separation
a > a,, where a., ~ 1.53 there are two components of the apparent horizon, one

enclosing each black hole. For large separation a, these components are almost

circular with radius ~ 1‘—;{— As the black holes are brought closer together these

component surfaces distort due to gravitational interaction.

For a < a, there are four marginally outer trapped surfaces; one enclosing each
black hole and two enclosing both M; and M,. The outermost marginally outer
trapped surface is the apparent horizon. This is shown in Fig. 4.4 which is taken
from Bishop (1982). In this figure S; is the apparent horizon, S; is a distorted
marginally outer trapped surface enclosing both black holes, and S;; and S, are
marginally outer trapped surfaces surrounding each individual black hole. The

closed trapped region is denoted by cross-hatching. The dotted curves (labelled

T, .s) denote paths of integration with § = 0 but which are not closed and hence
not marginally outer trapped surfaces. At the critical separation a., the surfaces

S, and S; coincide.

The area of the surfaces as a function of separation is shown in Fig. 4.5 (Fig. 2
from Bishop (1982)). Cadez (1974) derived similar results but did not find the

surface S,.

The closed trapped region is defined as the set of points through which there
passes a closed trapped surface (section 3.1). Bishop (1982) has shown that as

the initial data surface is time-symmetric, surfaces with ] < 0 do not extend the
closed trapped region. The unhatched region in Fig. 4.4 near (z = 0.5,p = 0) is
not part of the closed trapped region as there are no closed trapped surfaces such

as T, passing through this region.
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ition of the marginally outer trapped surfaces for two time-

Fig. 4.4 The pos

symmetric Schwarzschild black holes of unit mass at unit separation. The margin-

ally outer trapped surfaces are denoted by S;,,S:2,S; and Ss. Paths of integration

A

with § = 0 are marked T} _5.

Bishop (1982)).

The closed trapped region is shadedv (taken from
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Fig. 4.5 The areas of the marginally outer trapped surfaces S; = (S;; + 512), 52
and S; (Fig. 4.4) shown as a function of (separation)~! (taken from Bishop

(1982)).
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Bishop (1984) extended this work by considering the case of two Schwarzschild
black holes of mass M; and M, where M, < M,. The critical separation of the

black holes a, was found to take the asymptotic form (as M; — 0),

a, = 0.5M; + M;(0.803 £ 0.022) (—A—ll) log, (%

o 73 ) (4.20)

Apparent horizons were determined for a mass ratio %1 as low as 10™°.
1

4.5a(ii) Numerical Results using the Nakamura Algorithm

The results of Bishop (1982) for the case M; = M, = 1 were determined using the
modified Nakamura algorithm. A series of length I,,,. = 20 was used. Due to the
axial symmetry only terms with m = 0 were computed. Numerical tests using all

terms in the series did not yield noticeably different results.

The qualitative behaviour of the marginally outer trapped surfaces as determined
by Bishop (1982) was confirmed, with the exception that no surfaces of the type
S, were found. The position of the marginally outer trapped surfaces for unit
separation are shown in Fig. 4.6. Numerous initial trial solutions were used in an
attempt to locate surfaces of the form S,. No success was achieved, even when
using the explicit form for S, as given in Fig. 1 of Biéhop (1982) as the starting
point of the iteration. The Nakamura method is not well-suited to determinihg

distorted surfaces of this type.

The critical coordinate separation a, was found to be consistent with the result
a, ~ 1.53 as determined by Cadez (1974). The area of the marginally outer
trapped surfaces as a function of coordinate separation is plotted in Fig 4.7. This

is consistent with the results of Bishop (1982) as shown in Fig. 4.5. -

The algorithm convergence was smooth and stable and took the form (4.14) with
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Fig. 4.6 The marginally outer trapped surfaces for two time- symmetric Schwarz-
schild black holes of mass M, = M, = 1 at unit separation, as determined by

the modified Nakamura algorithm. Cylindrical coordinates are used and the black

holes are situated at (2 =0,p =0) and (z =1,p =0).
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AFEA OF THE APPARENT HORIZONS FOR TWO
SCHWARZSCHILD BLACKE HOLES
Mi=ME=

31.6- e
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Fig. 4.7 The area of the marginally outer trapped surfaces for two time-symmetric
Schwarzschild black holes of unit mass, as determined by the modified Nakamura
algorithm. The green curve is the sum of the areas of the inner marginally outer
trapped surfaces S;; and S;, (Fig. 4.4) while the red curve is the area of the outer

surface S; (Fig 4.4). The red curve has an endpoint at the critical separation

a, ~ 1.53.
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& ~ 0.75. Best results were obtained using a coefficient weighting 2 ~ 3 in (4.16).

In determing the apparent horizon S; a coordinate origin at (r = £,0 = 0) was

used.

The Nakamura algorithm is not well suited to the problem of two black holes
with M, < M, as considered by Bishop (1984). The.positions of the marginally
outer trapped surfaces need to be known to high accuracy to reproduce the result
(4.20). A large number of terms, lp 4., are thus required which is computationally
demanding. More importantly in this case, at the critical separation, the surfaces
Ss and S,,; are very closely situated. The Nakamura algorithm, which is itera-
tive, cannot easily be constrained to specifically converge to either S;; or S;. In

particular, both surfaces have very similar values for ago (4.19).

4.5b The Misner Initial Data

These initial data were described in section 2.2b and are given by,

Kaﬁ =0

Yap = ¥*Nap, Where 1,5 = Minkwoski three-metric

The conformal factor is defined by the relation (2.29) and is inversion symmetric,
as discussed in section 2.2b. For the case of two Schwarzschild black holes of equal
mass the conformal factor can be written in spherical polar coordinates as (Smarr

et al. 1976, Lindquist 1963),

11
+rn+—»r,,)]

P =6[1+ i csch(np, )(

where,

+r, = [r® + d® — 2rd cos § + coth? (nuo) £ (2r cos 8 coth{npo) — 2d coth(np,))]°
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The initial data consist of two Einstein-Rosen bridges located at (r = &,8 = 0)
and (r = &,0 = x) with the origin at (r = d,8 = 0). The z-axis is chosen to lie

along the axis joining the two throats.

The two free parameters in the initial data, &, and p,, are related to the physical
characteristics of the system. The total mass of the system, M, as measured at

spatial infinity, is defined in terms of these parameters as (Misner 1960),

0

M =46, Z csch(np,) (4.21)

n=1

Similarly, the proper distance, L, along a space-like geodesic connecting the two

throats is given by (Lindquist 1963) as,

L =26[1+2p Z n csch(npy,))

n=1

4.5b(i) Previous Numerical Results

The determination of the marginally outer trapped surfaces for two Schﬁmscﬁld
black holes described by the Misner initial data, was originally considered by Gib-
bons and Schutz (1972). This preliminary work was extended by Smarr et al.
(1976) using the method of Cadez (1974) (section 3.4a(i)). Both papers were pri-
marily concerned with computing the maximum amount of gravitational radiation

that could be emitted in the future evolution of the initial data. The maximum

efficiency, 1, with which the initial rest mass of the system can be converted to

gravitational radiation can be defined as (section 3.2},

n=1- A — ’ (4.22)



where A is the area of the apparent horizon and M is the total rest mass of the

system as defined at spatial infinity.

All previous work has considered the case where §; = 1. For a large ratio of
proper separation to total mass, ﬁ, the efficiency tends to the Hawking limit

~ 0.29 (Hawking 1972a). As this ratio decreases so does the efficiency. There is a

discontinuous drop in the effiency at po = g, ~ 1.362 (Smarr et al. 1976) which is

the point at which an apparent horizon forms which encloses both black holes.

These results were re-determined using the Nakamura algorithm with the intention
of both evaluating the algorithm numerically and investigating more closely the
efficiency behaviour at po = u.. It was also hoped to determine whether a surface

of the type S; (Fig. 4.4) exists for these initial data.

4.5b(ii) Results using the Nakamura Algorithm

The efficiency as a function of u,, as determined by the Nakamura algorithm, is
shown in Fig. 4.8. This is consistent with the results of Smarr et al. (1976) and
confirms the discontinuous behaviour at g = p, which initially appeared incom-
plete. Gibbons and Schutz (1972) postulated that the two efficiency curves should
join smoothly but this is shown to be incorrect. This discontinuous behaviour is
probably due to the qualitative change in the nature of the‘initia.l data at go = u..
For po > p. the initial data represent two dictinct black holes while for po < u.
the data represent a single, highly distorted black hole.

The qualitative form of the-marginally outer trapped surfaces is the same as for
the Misner and Wheeler initial data. No surfaces of the type S, (Fig. 4.4) were

found.
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Fig. 4.8 The maximum efficiency for extracting energy from a system of two time-
symmetric Schwarschild black holes described by the Misner initial data. The
efficiency, 7, is plotted as a function of p, (for § = 1). The ratio of proper
distance to mass increases with increasing u,. For gy < 1.36 there is an apparent
horizon enclosing both black holes, and this portion of the graph is shown in red.
For p, > 1.36 the efficiency is determined by the area of the apparent horizon
components enclosing each individual black hole which is shown by the green

curve. There is a discontinuous jump in efficiency at p, ~ 1.36.
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4.8 Three Time-Symmetric Schwarzschild Black Holes

In this section apparent horizons are determined for three collinear Schwarzschild
black holes on a time-symmetric initial data surface. The black holes are equally
spaced and described by the Misner and Wheeler (1957) initial data. An upper

bound is obtained for the gravitational radiation expected from the system.

4.6a The Misner and Wheeler Initial Data

The case of three Schwarzschild black holes of mass M;, M, and M; at an equidis-
tant spacing, a, along the z-axis, is considered. In spherical polar coordinates the
black holes are situated at (r; = ja,0 = 0) where §=0,1,2. The initial data are

conformally flat and time-symmetric,
Ka 8 = 0
Yap = P*Nap, Where n,5 = Minkowski three metric

For a coordinate origin at (r = d,§ = 0) the conformal factor, ¥, is given by (2.23),

=1+i i
Pt 24/72 + (ja — d)? — 2r(ja — d)cos§

¥

The initial data are axially symmetric.

4.6b Numerical Results

Oohara, Nakamura and Kojima (1985) determined the position of the apparent
horizon for a system of three Schwarzschild black holes located at the vertices of a
regular triangle, with sides of length k. An apparent horizon was found to enclose

all three black holes at a critical separation k. ~ 2.1. The maximum efficiency for

energy release as defined by equation (4.22) was found to be 8.44 x 107°.
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There are no previous results, however, for the case of three collinear Schwarzschild
black holes. This problem was therefore considered using the nﬁodiﬁed Nakamura
algorithm. The black holes were assumed to have unit mass. The qualitative
form of the marginally outer trapped surfaces was found to be very similar to the
case of two Schwarzschild black holes (section 4.5). A marginally outer trapped
surface was found to enclose each black hole. These are slightly distorted from a
two-sphere of Schwarzschild radius due to gravitational interaction. At a critical
coordinate separation a, ~ 1.5 an apparent horizon forms enclosing all three black
holes. The marginally outer trapped surfaces for a coordinate separation a = 1.45

are shown in Fig. 4.9.

The maximum efficiency 7 for the extraction of energy from the system, as defined
by equation (4.22), is plotted as a function of coordinate separation in Fig. 4.10.
At the critical sebara.tion separation a, ~ 1.5 the efficiency n was found to be n ~
1.2 x 10~2. This is comparable to the result of Oohara, Nakamura and Kojima

(1985). The same discontinuous jump in efficiency at the critical separation occurs

as in the case of two Schwarzschild black holes (cf Fig.4.8).

4.7 Comparison with Other Numerical Methods

In this section, a comparative survey is given of the various methods for deter-
mining apparent horizons in numerical relativity. The general applicability of the

Nakamura algorithm is discussed.

As discussed in section 3.4a(i), the method of Cadez (1974) and Bishop (1982) can
be used to determine apparent horizons in the case of time-symmetric initial data
that are spatially axially symmetric. This method can also be used for initial data
that are not time-symmetric and has certain advantages. The primary advantage

is that the trapped surface equation, which is in general a second-order non-linear
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Fig. 4.9 The position of the marginally outer trapped surfaces for three collinear,
time-symmetric Schwarzschild black holes of unit mass at an equidistant spacing

a = 1.45. Cylindrical coorinates are used with the black holes situated at (z =

0,p =0), (2 =1.45,p =0) and (2 = 2.9,p = 0).
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Fig. 4.10 The efficiency for extracting energy from a system of three collinear,
time-symmetric Schwarzschild black holes of unit mass. The efficiency ,n, is plotted
as a function of the coordinate spacing a between the black holes. The Misner and
Wheeler initial data are used. For a < 1.5 there is an apparent horizon enclosing
all three black holes, and this portion of the graph is shown in red. For a > 1.5 the
efficiency is determined by the area of the apparent horizon components enclosing
There is a

each individual black hole, and this is shown by the green curve.

discontinuous jump in efficiency at the critical separation a, ~ 1.5.
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partial differential equation, is reduced to a system of two ordinary differential
equations which are easier to solve numerically. This reduc‘és the problem to
finding a path in a half-plane. The initial conditions for thé numerical integration
of the system of ordinary differential équa.tions can be varied to provide fine control
over the region in which a search is conducted for a marginally outer trapped
surface. This allows a systematic and complete search for all trapped surfaces,
and consequently the identification of the closed trapped region. Unfortunately,

this method is not easily extended to full (3+1) numerical relativity.

The Nakamura method can also be used for axially-symmetric initial data. In this

case only spherical harmonic terms with m = 0 are required and the computational

complexity is of order ~ O(%).

For general initial data in full (3+1) numerical relativity, however, the trapped
surface equation has to be solved as a non-linear partial differential equation. As
discussed in section 3.4b(ii), series methods have been suggested by Eardley (1977)
and Nakamura, Kojima and Oohara (1984). The Eardley method is based on the

minimisation of the integral L, norm of the equation residual as the coefficients

2

2 ez variables.

a;,, are varied. This is a numerical minimisation problem in ~ [

The Nakamura method provides a direct iterative scheme for the coefficients ;.
and thus has certain computational advantages over the Eardley method. Only the
coefficient age has to be determined as a root or a minimum. It has been shown
that the Nakamura algorithm has exponential convergence (4.14) for the cases
considered, and with suitable modifications (section -4.4), is robust and stable.

The implementation of the algorithm does not present any special difficulties.

The Nakamura method, does however have certain disadvantages. The series
formulation (3.40) implies that the method is computationally demanding if the
marginally outer trapped surfaces are determined to high accuracy (4.17). The
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method is thus unsuitable for the type of problem considered by Bishop (1984)

where apparent horizons were determined for two black holes with a mass ratio

o> as low as 107°.

The Naka.mura. method is very sensitive to the choice of initial trial solution,
although this has been improved by making certain modifications to the algorithm
(section 4.2c). Thus some prior knowledge of the position of the marginally outer
trapped surface is required before using the algorithm. This method is thus not
particularly suitable for finding highly distorted marginally outer trapped surfaces.
This is confirmed by the failure to determine the surface S; (in Fig. 4.4) as found
by Bishop (1982,1984) for the case of two Schwarzschild black holes.

1t is also difficult to carefully control the region in which a search is conducted for
trapped surfaces due to the iterative nature of the algorithm. This can be achieved
in some limited sense by careful choice of the initial trial solution. The iteration
can be slowed down by choosing the weighting factor 2 < 1 in (4.16). It is not
easy to carefully determine the closed trapped region using this method. Surfaces
such as Ty in Fig. 4.4 cannot be located using the Nakamura algorithm as they

pass through a singularity.

The algorithm, however, does converge rapidly to smooth marginally outer trapped
surfaces of the type S,;,S;; or S; in Fig. 4.4. In determining the outermost
marginally outer trapped surface (i.e. the apparent horizon) it is usually adequate
to choose a two-sphere centered at the coordinate origin and lying in the asymp-
totically flat region of the data surface as the initial trial solution. The apparent
horizon is the most important marginally outer trapped surface. It is this surface
that determines the efficiency limits for gravitational radiation and the point at

which a black hole forms in the numerical evolution of the initial data. -

It is also important to choose the origin of the spherical polar coordinate sys-
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tem with care. Sensible choices are usually suggested by the phyical structure of
the problem. If the origin is chosen too far off-centre for a distorted marginally
outer trapped surface, the spherical polar coordinates may not cover the surface

adequately.

As discussed in section 4.3, the algorithm could be improved in computational
efficiency by various means. This would further improve the usefulness of the

method.

In summary, the modified Nakamura algorithm is a good method of determining
smooth marginally outer trapped surfaces in full (3+1) numerical relativity. The
method should, however, be used with due consideration to the limitations men-
tioned above. A good a priori estimate of the 'a.pparent horizon is important for

this method.
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CONCLUSIONS

This research report has considered the problem of determining apparent horizons
in (3+1) numerical relativity. A review has been provided of the initial value
problem for black hole systems and the existing methods for solving the trapped
surface equation. In particular, the method of Nakamura, Kojima and Oohara
(1984) has been numerically evaluated and compared with the results of previous

work which used different numerical methods.

The first example considered was that of a shifted Schwarzschild black hole. This

requires the full (3+1) formalism and has a known analytic solution.

The algorithm was found to be very sensitive to the initial trial solution. In
addition, the method diverged when attempting to determine some distorted
marginally outer trapped surfaces. These difficulties were largely overcome by

introducing several modifications to the algorithm. In particular, the procedure
for determining the coefficient a( ") was made more robust by accepting minima as

well as roots in the equation f: i fo" FyodQ) = 0 (4.19), using current coefficients

(n)

g, , l,m # O rather than coefficients from the previous iteration, and constrain-
ing af,o) such that the condition r(8,4) > 0 is enforced. The convergence of the
algorithm was improved by introducing a weighted average of coeflicients over

successive iterations (4.16).

The algorithm was found to converge exponentially (4.14) and to require a com-
putational effort of order ~ O(Z%) to achieve an accuracy € in the marginally

outer trapped surfaces. Various methods are proposed in section 4.3 to reduce the
computational complexity of the algorithm. The modified Nakamura method was

found to be robust and stable.
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This method was applied to the case of two time-symmetric Schwarzschild black
holes described by the Misner and Wheeler (1957) initial da.fa.. The results of
Cadez (1974) and Bishop (1982), who determined apparent horizons for these ini-
tial data using different numerical methods, were confirmed with the exception
that a distorted marginally outer trapped surface (S, in Fig. 4.4) was not found.
The same system was also considered using inversion symmetric initial data (Mis-

~ ner 1963) and the results of Smarr et al. (1976) were confirmed.

The Nakamura algorithm was also applied to the case of three time-symmetric
Schwarzschild black holes described by the Misner and Wheeler initial data. The
black holes were collinear and equally spaced. The maximum efficiency for ex-
tracting gravitational wave energy from this system was determined as a function
of coordinate separation. At the critical spacing a. ~ 1.5, at which an apparent
horizon forms enclosing all three black holes, the efficiency was found to be n ~ 1.2
x 10~ 2. This is similar to the result obtained by Oohara, Nakamura and Kojima
(1985) for three Schwarzschild black holes in an equilateral triangular configura-
tion. The method could not be tested for black hole systems with non-zero linear

and angular momentum as these initial data are not yet available (York 1988).

A discussion of the general applicability of the method is given in section 4.7.
In summary, the method is well suited to determining the position of smooth
marginally outer trapped surfaces. The algorithm has good convergence and is
stable and robust. The method is not however suitable for determining apparent
horizons to high accuracy (such as the work of Bishop (1984)) or the position of
highly distorted marginally outer trapped surfaces. It is not easy to control the
region in which a search is conducted for trapped surfaces and the method is thus
not suited to determining the closed trapped region accurately. For initial data
that have axial spatial symmetry, the method of Cadez (1974) and Bishop (1982)

is superior.
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There are several ways in which this research could be extended. The Nakamura
method would be a very good technique for determining the a.ppa.rent horizon of
a Bowen-York black hole. It is not known whether the apparent horizon for this
system would appear Lorentz contracted or not. The method could also be used to

investigate the efficiency of energy extraction from magnetized black holes (Wagh,

Dhurandhar and Dadhich 1985), which is of great astrophysical interest.

The algorithm could be improved numerically in various ways. Reducing the com-
putational complexity of the algorithm using the techniques proposed in section 4.3
would be particularly useful. Other methods for solving the trapped surface equa-
tion could also be investigated, including finite difference schemes. This would,

however, involve some linearisation of the equation.
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